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Abstract

This paper studies aggregate implications of artificial intelligence (Al), focusing on long-run
skill formation. Workers accumulate expertise through learning-by-doing and Al learns from
an aggregate dataset of workers’ past actions. Using Al raises workers’ short-run productivity
but may slow skill growth. A data quality externality—workers do not bear the cost their Al
use imposes on aggregate data quality—leads to over-adoption of Al This generates an Al skill
trap with multiple steady states. In the calibrated economy, the skill distribution is bimodal,
with a high-skill group coexisting with a fully AlI-dependent low-skill “underclass”. A planner
internalizes this externality, but does not eliminate the trap. Improving Al’s data-processing

efficiency does not weaken the case for intervention; the welfare gains rise with it.
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1 Introduction

As Al transforms knowledge work, a growing concern is that individuals who delegate tasks
to Al may fail to accumulate the expertise they would otherwise develop. A growing body of
evidence supports this concern: access to Al impairs learning in educational settings (Bastani et al.,
2025; Jost et al., 2024; Barcaui, 2025), slows skill acquisition among software developers (Shen and
Tamkin, 2026), and reduces diagnostic performance among physicians who rely on Al assistance
(Budzyn et al., 2025). Al developers have voiced a similar concern: that less-skilled workers could
permanently dependent on Al, forming a kind of “underclass” (Amodei, 2024, 2026).

Why does this matter? If Al can perform a task, why must workers retain the underlying skill?
After all, past waves of automation have rendered certain human skills obsolete without obvious
social cost. The situation with modern Al is different: its continued improvement depends on a
steady supply of high-quality human-generated data (Sutskever, 2024; Villalobos et al., 2024), and
when workers delegate to Al their actions increasingly reflect what Al already knows rather than
new human ideas. A computer-science literature documents the consequence: when Al systems
are recursively trained on their own outputs, successive generations degrade in quality (Alemo-
hammad et al., 2023; Briesch et al., 2023; Shumailov et al., 2024; Gerstgrasser et al., 2024).! The loss
of human expertise is therefore not merely a private cost but a social one.

Individual workers, however, do not internalize this cost. The private benefits of Al use
are immediate and concentrated—AI improves current task performance, particularly for less-
experienced workers (Brynjolfsson et al., 2025; Cui et al., 2025b; Galdin and Silbert, 2025)—while
the resulting decline in data quality is gradual and external to any individual’s payoff. This di-
vergence between private and social returns gives rise to a data quality externality (Cai, 2024): from
a social perspective, Al is underpriced, and its decentralized adoption is inefficiently high. These
observations raise two questions this paper intends to address: how does Al shape skill formation
and the long-run distribution of expertise, and what role, if any, is there for policy intervention?

We develop a model in which long-lived workers choose each period how to allocate tasks
between their own labor and Al, allowing for any degree of human-AlI collaboration. The model

features two key ingredients. The first is skill accumulation through learning-by-doing. A worker’s

I1Whether reinforcement learning and synthetic data can substitute for fresh human signals—and where they can’t—
is a question we return to below.



private expertise evolves through a Bayesian learning process whose speed depends on her in-
tensity of Al use: performing tasks through her own labor generates rich feedback that builds
expertise rapidly, while delegating to Al yields only coarse signals and accumulates skill at a
much lower rate. Workers optimally choose a mix of labor and Al that trades off current task
performance against future skill growth, and this mix shifts endogenously over a worker’s career
as her expertise evolves.

The second ingredient is the data quality externality. Workers who perform tasks with their
own labor contribute informative signals that reflect their expertise; workers who delegate to Al
contribute actions that largely replicate information already in the dataset. Cai (2024) studies
this mechanism in a setting with short-lived agents, where each generation is born fresh and the
externality bears only on the quality of Al at a point in time. In our long-lived setting, the same ex-
ternality additionally distorts workers” lifetime skill accumulation: a worker who over-adopts Al
today both contributes less informative data and fails to build the expertise that would have made
her future actions more valuable sources of data. This dynamic interactions between individual
skill dynamics and the aggregate dataset is what generates the qualitatively new phenomenon at
the center of the paper—the skill trap—which is absent in the short-lived framework.

The interaction between these two ingredients produces S-shaped individual skill dynamics
and, in the aggregate, an Al skill trap. Because Al is underpriced, workers on the margin are
pushed toward higher Al intensity than is socially optimal. Their skills then depreciate: after
several periods of heavy Al use, their expertise has deteriorated to the point where switching
back to labor is no longer worthwhile—the investment required to rebuild skill exceeds what a
finite career can support. A critical skill threshold emerges: workers who start above it invest in
labor, accumulate expertise, and converge to a high steady state, while workers who start below
it rely on Al, experience persistent skill depreciation, and are permanently absorbed into a low
steady state. The long-run skill distribution therefore depends on how new workers enter the
economy. Under bottom entry—where new cohorts arrive with low initial skill, as is natural for
recent graduates—the trap is particularly severe, since entrants are immediately drawn into Al
dependence.

The mechanism does not require Al use to impair learning at every intensity. What it requires

is only that workers who delegate heavily to Al slow their own skill accumulation—an empirical



regularity with relatively strong support in the empirical and computer-science evidence cited
above. In a later section we relax the benchmark model to allow moderate Al use to be genuinely
complementary to learning, so that workers who blend modest Al assistance with their own effort
accumulate skill faster than under pure labor. The trap persists: as long as full delegation continues
to slow learning, the bimodal long-run distribution and the welfare case for intervention survive.

We calibrate the model by targeting moments of the pre-Al economy—including wage growth
over the life cycle (Lagakos et al., 2018) and worker turnover rates—and match key features of
early Al adoption patterns and learning outcomes under Al use. The post-Al distribution de-
pends on how new workers enter, so we report results under two entry distributions: a uniform
entry, in which initial skill is drawn uniformly across the pre-Al support, representing an econ-
omy with diverse educational backgrounds and lateral entry; and a bottom entry, in which every
entrant arrives at the lowest pre-Al skill level, representing the natural case for recent graduates in
knowledge-intensive occupations. The multiple steady states yield a bimodal aggregate skill dis-
tribution under both entries: a low-skill mass at the Al trap coexists with a high-skill mass at the
expert level. Under uniform entry the two masses are roughly comparable, because entrants split
across the tipping point. Under bottom entry the low-skill mass dominates, since every entrant
starts below it. In both cases a substantial mass is absorbed into a trap—a low-skill region from
which skill cannot recover within a finite career, because the marginal return to labor is too small
to overcome past Al-induced skill loss. Average skill and aggregate welfare fall substantially be-
low what is attainable once the data externality is corrected, driven by a sharp deterioration of
aggregate data quality.

We analyze welfare through a constrained planner who directly chooses each worker’s Al
intensity to maximize aggregate welfare, internalizing how these choices shape the evolution of
aggregate data quality and the entire skill distribution. The data quality externality is the key
source of inefficiency, but correcting it does not abolish the trap. Quantitatively, the planner cuts
mean Al intensity from 0.73 to 0.40 under uniform entry and from 0.88 to 0.39 under bottom entry;
aggregate data quality recovers by 27% under uniform entry and by 51% under bottom entry, and
mean skill rises from 20.3 to 23.8 and from 16.8 to 21.7, respectively. The long-run welfare gains
are large: 7.2% in lifetime terms and 5.9% in flow terms under uniform entry, 11.8% and 12.3%

respectively under bottom entry, where the decentralized distortion is most severe. These gains



remain economically meaningful across sensitivity exercises varying the Al learning rate, the Al
signal precision, and the turnover rate.

What the planner does not do is eliminate the Al-dependent low-skill group. Under both entry
distributions, the planner’s stationary skill distribution remains visibly bimodal: a residual mass
of workers stays in full Al use near the bottom of the support. The optimal correction is therefore
best read not as a uniform reduction in Al use but as a redistribution of mass: for the lowest-
skill cohort the labor-investment return cannot overcome the deskilling cost of past Al reliance, so
the planner concedes this region and concentrates the correction on the medium range where the
marginal return to building skill is largest and the data-supply benefit is strongest. Bimodality,
in this reading, is a robust feature of an Al economy with a data externality and learning differ-
ences under Al: the externality governs its severity but not its existence. The trap has two distinct
sources. The first is a market failure that the planner can correct: each worker fails to internalize
her impact on the shared dataset. The second is a technological constraint that the planner cannot:
in the trap region, learning by doing is too slow to overcome past skill loss within a finite career,
so even a well-designed policy must concede this region to Al dependence.

A further finding addresses the natural conjecture that the role for intervention may vanish as
Al technology improves. We show that this conjecture is not valid: even a twenty-fold improve-
ment in how efficiently Al processes data barely moves the competitive equilibrium. When nearly
all workers delegate to Al, their recorded actions in the dataset are mostly echoes of the existing
dataset, and processing efficiency cannot extract valuable information that was never generated.
The market fails to provide adequate incentives for novel data generation, so a role for policy
intervention persists regardless of how advanced Al’s data-processing technology becomes. To
preserve the supply of novel human-generated data, the planner keeps aggregate Al intensity
substantially below the competitive level—rising only from 0.39 to 0.61 as yp grows twenty-fold—
while the competitive equilibrium drifts toward full AI (& from 0.88 to 0.99). The flow welfare gain
from intervention grows correspondingly, from +12.3% at the baseline to 4+-36.6% at a twenty-fold

improvement.

2The welfare gains are smaller once we account for the transition path—about +1.5% under uniform entry and
+0.3% under bottom entry in discounted lifetime terms—because the planner must accept a temporary reduction in
flow output while workers rebuild skill under labor, and because the planner’s discount factor fs = 0.96 attenuates the
long-run benefits of higher data quality. The transition gains are nonetheless positive in both cases, indicating that the
planner’s reallocation is worthwhile even after netting out the short-run adjustment cost.



An important assumption for the argument above is that human-generated data is essential
to Al improvement. The natural objection is that reinforcement learning (Christiano et al., 2017;
Ouyang et al., 2022; Bai et al., 2022) and synthetic data (Gunasekar et al., 2023; Dubey et al., 2024)
can substitute for fresh human signals, bootstrapping further progress without continued human
input. They can—but only in narrow regimes, where reinforcement learning is most effective as
the reward signal is both well-defined (the system can verify whether an action moves closer to
the target) and frequent (so improvement compounds at scale). Closed-form games, formal math-
ematics, and protein-structure prediction satisfy both conditions, and self-play has extended the
frontier in those domains. Most knowledge work satisfies neither: the reward for a clinical assess-
ment, a legal analysis, or a strategic recommendation is delayed, multidimensional, often subjec-
tive, and observable only after a human takes the action and lives with the consequences (so that
the reward function is sparse). In these settings, reinforcement learning still depends on human
preferences and ratings or on real-world outcomes that only humans can produce, and synthetic-
data pipelines remain bounded by their human-trained base model. Our results therefore apply
most strongly in tasks where the worker’s action is itself the primary record of her expertise—tacit
professional judgment, complex case reasoning, strategic decisions—and where the quality of that
action becomes apparent only through delayed, noisy, often subjective feedback. The mechanism
is weaker in tasks where outcomes are objectively verifiable regardless of who acted, because the
dataset can be enriched through those outcomes even under heavy Al delegation.
Related literature. This paper is most closely related to the emerging literature on Al, data, and
knowledge accumulation. Cai (2024) models the feedback loop between Al adoption and data
quality with short-lived agents, showing that Al-generated data can corrupt future datasets. The
present paper extends that framework to long-lived agents, adding skill formation and the result-
ing polarization; the model-collapse phenomenon (Shumailov et al., 2024) provides the empirical
foundation for the data-quality channel. Several contemporaneous papers study related aspects
of Al and collective learning, but none closes the feedback loop from data back to Al. Acemoglu
et al. (2026a) model agentic Al substituting for human learning effort with exogenous Al preci-
sion; Acemoglu et al. (2026b) study a DeGroot model where Al is a mechanical aggregator with
exogenous weights; in both, Al quality does not respond to workers’ choices. Ide (2025) studies

how Al-driven automation of entry-level tasks disrupts intergenerational tacit-knowledge trans-



mission through a mentor-composition channel that is complementary to ours. Empirical work
corroborates the data-supply concern: del Rio-Chanona et al. (2024) document a 25% decline in
weekly Stack Overflow contributions following ChatGPT’s release, and Doshi and Hauser (2024)
show generative Al raises individual creativity while reducing collective novelty.

More broadly, this paper sits in the literature on automation, Al, and human capital. The
task-based framework (Acemoglu and Restrepo, 2018, 2019, 2020, 2022; Acemoglu, 2025) studies
how automation reshapes the task content of jobs and wage inequality; complementary work an-
alyzes distributional consequences (Korinek and Stiglitz, 2019; Korinek and Suh, 2024; Moll et al.,
2022; Guerreiro et al., 2022; Hémous and Olsen, 2022) or frames Al as a prediction technology
that changes returns to human judgment (Agrawal et al., 2019; Autor, 2024). The classical human-
capital framework (Becker, 1964; Ben-Porath, 1967) studies life-cycle skill investment but does not
feature the option to substitute Al for skill. A common feature of this literature is that human cap-
ital is treated as exogenous; our contribution is to endogenize it. The resulting polarization is also
distinct from the classical job-polarization literature (Autor et al., 2003; Goos and Manning, 2007;
Goos et al., 2014; Jaimovich and Siu, 2020), where computerization disproportionately displaces
routine occupations. In our model, polarization occurs within the same job: workers perform-
ing identical tasks diverge in skill because of differential investment driven by the Al externality.
Skill polarization arises not from the nature of tasks being automated but from the endogenous
feedback between Al adoption and human capital accumulation.

Finally, the paper contributes to the literature on endogenous information quality and social
learning. Grossman and Stiglitz (1980) show that the informativeness of market prices depends
on how many traders acquire costly information, creating a tension between private acquisition
and public revelation; our setting has an analogous structure for the Al dataset. Veldkamp (2011)
develops a broader framework for information choice in macroeconomics, and Farboodi and Veld-
kamp (2025) treat data as an endogenous economic resource. Puri and Veldkamp (2025) show that
Al-driven personalization can amplify cognitive inequality through information choices interact-
ing with heterogeneous priors; the polarization in our paper is complementary but arises from an
endogenous feedback between each worker’s Al intensity and the quality of the shared dataset.
The classical social-learning literature (Banerjee, 1992; Bikhchandani et al., 1992; Vives, 1993) ana-

lyzes how aggregation breaks down when private incentives to act informatively are weak; Fajgel-



baum et al. (2017) show such information externalities can generate uncertainty traps. Our skill

trap is the human-capital counterpart.

Paper outline. Section 2 presents the model. Section 3 characterizes the competitive equilibrium
and derives conditions for polarization. Section 4 describes the calibration. Section 5 presents the
quantitative results. Section 6 formulates the constrained planner’s problem and analyzes optimal

policy. Section 7 concludes.

2 Model

2.1 Primitives, Technology, and Friction

Time is discrete and runs forever, t = 0,1,2, .. .. The economy is populated by a total of N workers.
Each worker has a finite career: in every period, each worker exits with probability 6 € (0,1) and
is replaced by a newborn entrant. A surviving worker discounts the future at rate § € (0,1), so
that the effective discount factor is (1 — ).
Workers produce a good of quality Al that depends on how well their actions match an under-
lying economic fundamental 6;. Specifically, the quality of worker i’s output is
Ap=A— (O —a)’, M)
where 4! is the worker’s action and A is the maximum quality, achieved when the action perfectly
matches 6;.> The variable 6; represents the underlying state of the economy—it can be interpreted
as reflecting prevailing market conditions, optimal business strategy, or the best approach to a

professional task. It evolves according to
0 =p 61+, e~ N(0,1/vy), (2)
where p € (0,1) governs persistence and 1, is the precision of the innovation.
The only friction in the model is informational: 6; is not directly observable to any participant.
Absent this friction, workers would always set ai = 6; and achieve the maximum quality A.

Because 6; is time-varying, even access to an unlimited amount of historical data cannot fully

resolve the uncertainty—old observations become less relevant as 6; drifts, which constrains any

3The constant A plays no role in any of the results—it drops out of all optimization problems. We retain it only so
that output quality has a natural interpretation as a level.



forecasting technology, including Al

2.2 Pre-Al Economy: Information and Skill Accumulation

We begin with the economy before the arrival of Al In this benchmark, all workers perform tasks
through their own labor, and the only way to learn about 6; is through direct experience. The cost
of labor is normalized to zero; what matters for the Al adoption decision is the relative cost of Al
versus labor, which is captured by the Al price p 4 introduced below.

Worker i enters period t with private expertise 'yfl’i > 0, which represents the accumulated
precision of her beliefs about the fundamental from all past experience. By performing her task,

the worker generates a private signal about 6;:

stL’i =6 + sf'i, sf’i ~ N(0, 1/71('ytH’i)), (3)
where 7/(.) > 0 is the precision of the labor signal, written as a function of the worker’s expertise
to reflect that more experienced workers extract richer information from each task. The functional
form of /() is disciplined by the empirical wage—experience profile and specified in Section 4.
The worker then chooses her action 4 to maximize expected output quality E[A | 4/, s5]. Given
the quadratic structure of (1) and the normality of signals, the optimal action is the posterior mean
of 6; given all available information. Let Hi = {s%’i}Kt denote the worker’s prior information
set—the collection of all labor signals she has observed throughout her career. This history de-

termines her private expertise y;"”, which summarizes the precision of her accumulated beliefs

about the fundamental. The optimal action is then
@y = E(0r | Hi,si7)- (4)
The worker’s total forecasting precision is P} = 'yfl’i + ’yl('yf{’i), combining what she already

knows from past experience with what she learns from today’s labor signal. Substituting the

optimal action into (1) and taking expectations yields per-period expected output

‘ ‘ _ 1 _ 1
E[AL| M) = A~ o = A

- (5)
P 1o ()

increasing in expertise.
For the purposes of calibration we interpret the forecasting precision P/ as the worker’s labor
productivity—the quality-adjusted output she generates per period—and identify it empirically

with labor earnings. The per-period payoff is observationally equivalent to a CRRA utility over



earnings with relative risk aversion equal to two: u(C) = A+ C (1-0)/(1 —0),0 = 2. A more
productive worker has higher precision, hence higher earnings, and hence higher utility. The
worker takes no strategic action beyond Bayesian updating, and all the relevant economics is
encoded in the law of motion for 4 that we derive next.

After acting, the worker’s expertise updates to reflect the information gained during the pe-
riod. Because the fundamental is persistent but not permanent (equation 2), the worker’s accumu-
lated knowledge partially depreciates as 0; drifts. The law of motion for private expertise follows

from Bayesian updating. By standard results for normal signals, the updating rule is:
1 2 1
Hi  _Hi - T HN o
T R et (") T
The first term on the right-hand side is the variance inherited from the current period’s posterior,

(6)

scaled up by p? to account for the drift in the fundamental. A higher persistence p means past
information remains more relevant, so less precision is lost between periods. The second term
adds the variance of the new innovation 7;1, which the worker cannot resolve until she observes
next period’s signals.
Under this law of motion, expertise converges monotonically to a unique steady state  that
solves
1 0? 1
RRE®
Existence and uniqueness of & are immediate when +/(-) is weakly increasing (Assumption 1
below), since both sides of the equation are then monotone in & with opposite slopes near a fixed
point. We refer to & as the full-labor steady state. A worker who enters at v > [l converges
to & over time, so in the pre-Al economy there is a single long-run skill level—every worker, no
matter how unskilled at entry, converges to k. We let v! = 7, (1 — p?) denote the no-learning lower
bound—the steady state expertise of a worker who never learns (7' = 0). 7 is the lowest expertise
level that arises in equilibrium: it is the entry-level skill of new workers and the lower bound of
the support throughout the paper.
In every period, a fraction § of workers exit and are replaced by newborn entrants whose
initial expertise is drawn from a distribution Fy over the positive reals—this is the distribution of
entry-level precision, reflecting the heterogeneity in training, education, or innate ability among

new workers entering the labor force. The cross-sectional distribution of expertise, G;, evolves as
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surviving workers accumulate skill and new workers enter. In the pre-Al economy, cross-sectional
variation in expertise arises from two sources: differences in career length (time since entry) and

differences in initial skill across cohorts.

2.3 Introduction of Al

We now suppose that, at some point in time, an Al technology becomes available to all workers
at a per-unit cost p4 > 0.* Each period, worker i chooses an Al intensity ai € [0, 1], representing
the share of her task delegated to Al, and pays a! - p4. The remaining share 1 — a! is performed
through her own labor. When ai = 0, the worker operates exactly as in the pre-Al economy; when
al = 1, she fully delegates to Al interior values represent human-Al collaboration, in which the
worker combines her own judgment with Al assistance.

We treat ps as an exogenous model parameter and interpret the Al sector as competitive:
pa is the marginal cost of supplying Al services—for example, the per-token cost of inference—
taken as given by both workers and Al providers. Cai (2024) studies an alternative environment
with monopolistic Al supply, where the Al provider chooses a price to maximize profit. Here we
abstract from the Al provider’s pricing problem to focus on the worker-side externality through
the data-quality channel.

The Al has access to two sources of information for predicting ;. The first is a historical dataset
01, compiled from all workers” past actions. The contents and construction of this dataset are
described in detail in Section 2.5 below. Let Q; denote the precision of the conditional distribution

of 6; given ();_;:
- 1
Var(Gt | Qt—l) '

This is the aggregate data quality: it summarizes how informative the historical record is for predict-

Qs )

ing the current fundamental. Unlike private expertise 7, which is specific to each worker, Q; is

common to all Al users—any worker who delegates to Al draws on the same collective dataset.
The use of large historical datasets to predict outcomes is central to modern Al applications.

Retail firms use past sales data to forecast demand and set prices (Adams et al., 2026), hospitals

4Gince the cost of labor is normalized to zero, p 4 represents the relative cost of Al versus labor. In practice, this could
be mapped to the subscription cost of Al tools relative to the opportunity cost of performing a task manually. At the
benchmark calibration (p 4 = 0.007), the cost of full AI delegation equals roughly 0.7% of the expected output loss from
forecasting with the prior alone—a modest cost relative to the informational gain Al provides to low-skill workers.
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use patient records to aid diagnosis, and financial firms use market histories to guide trading
strategies. Because 6; is time-varying, old data points become less relevant as the fundamental
drifts: even with unlimited data, Al cannot perfectly predict 6;.
The second source of information is Al’s own privately generated signal:
st =0+, & ~N(0,1/7%), (8)
with precision v* > 0. This captures Al's ability to produce novel information beyond what
is already in the historical dataset—for example, through reinforcement learning, exploration of
new strategies, or pattern recognition on proprietary inputs. The parameter * governs the quality
of this novel information. If 9" — 0, Al converges to a pure prediction tool that relies entirely on
past data. If 7" — oo, Al’s action would depend only on its newly generated information and not
on historical data. As discussed in the introduction, Al extends its frontier autonomously only in
narrow regimes—closed-form games, formal mathematics, protein-structure prediction—where
the reward signal is well-defined and frequent enough to support self-play. In most knowledge-
work tasks, Al's novel signal is bounded: it can recombine existing patterns from its training data
but rarely produces information that is not already implicit in the dataset. We therefore view Al’s
competitive advantage in our benchmark as coming overwhelmingly from the aggregate dataset
rather than from independent information generation.
When a worker uses a mix of labor and Al, her implemented action combines both forecasts.
Let ftLl denote the worker’s own forecast of 0; based on her private expertise and labor signal, and
let f*' denote the Al's forecast based on the historical dataset (), ; and the fresh Al signal s/

The worker’s implemented action is
dh = (1) 1+ af f, ©)

where

L i oL Aji | LA

¢ =E(0: | Hi,s'), £ =E(0 | Hi,sp, Q).
Here #H! denotes worker i’s prior information set (which determines her private expertise 'yf{’i).
The labor forecast ftL’i combines the worker’s accumulated experience with the current labor sig-
nal; the Al forecast ftA’i additionally draws on the historical dataset. At the extremes, ai = 0

recovers pure labor and & = 1 recovers full Al delegation.

Notice that the Al forecast ftA * conditions on the worker’s prior information Hi—the Al is per-
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sonalized. We adopt this specification as our benchmark because it strengthens Al's competitive
advantage (the Al can leverage both historical data and the worker’s private knowledge), making
the skill trap result stronger: even under this best-case scenario for Al, over-adoption and skill
depreciation arise.’

Private expertise continues to evolve through Bayesian learning, but the rate of learning now
depends on how the worker allocates her task. When a worker performs her task through labor,
she processes the labor signal stL’i directly and accumulates expertise rapidly, as in the pre-Al
economy. When she delegates to Al, the Al processes the information on her behalf. Although
the Al's forecast may be highly accurate—because it draws on the rich historical dataset Q;—the
worker herself does not directly engage with the underlying signals, and her private expertise
grows more slowly.

The law of motion for private expertise generalizes (6):

1 o? 1

A+ A=) Y () e ()

is the effective Al learning rate—the precision of the feedback that Al-assisted work

where 7% (1)
contributes to the worker’s own skill accumulation. We specify the Al rate as a fixed proportion

of the labor rate at every level of expertise:

By, ce(0,1). (11)
This proportional specification preserves the relative deskilling penalty across the skill distribu-
tion: Al delivers a fraction ¢ of the learning that pure labor would at the same expertise level. We
discuss robustness to this functional form in Appendix D.5, where we add an interior learning-

synergy term that allows a moderate mix of labor and Al to build skill faster than either pure

mode; the headline results survive.
Assumption 1 (Learning Technology). For all y/:

() v (y™) is weakly increasing in vH (more experienced workers extract richer information from each

labor draw); and

(i) 7 (") < ¥ (4M) (labor builds expertise faster than Al-assisted work). Under (11) this reduces to

SUnder impersonal Al—where the AI produces the same forecast E(6; | sf’i, ;1) regardless of who uses it—the
skill trap is at least as severe, because Al’s informational advantage over low-skill workers is smaller and the data
contribution from Al actions is even more redundant.
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c< L

Both parts are supported empirically. We calibrate part (ii) using the experimental literature
on Al-assisted learning, and part (i) using the concavity of the life-cycle wage profile; we defer
detailed discussion to Section 4.

It is important to distinguish between the information used for current performance and the
information that contributes to skill accumulation. Al’s forecast draws on the aggregate dataset
Q¢, which delivers predictions substantially more accurate than what the worker could produce
alone. But the worker’s own expertise grows only from the effective learning input in (10), which
does not include Q;: the collective knowledge that improves Al’s forecast does not transfer to the
worker’s private understanding.® Al therefore boosts today’s performance but can slow tomor-
row’s skill growth.

Under full labor (oclt' = 0), expertise converges to & as in the pre-Al economy. Under full Al

(«} = 1), it converges to a lower steady state x that solves
2
1
=
K+ 7)1y
Since 4*(vH) < +!(yH) pointwise (Assumption 1), we have x < &: workers who permanently

1
P

delegate to Al converge to a lower level of expertise. The gap ¥ — x measures the long-run cost of
permanent Al dependence. In the pre-Al economy, this gap does not exist: all workers converge
to the same &. The introduction of Al creates the possibility of a second, lower steady state, which

is the foundation for the skill trap.

2.4 Worker’s Problem

Each period, worker i faces a dynamic decision that unfolds in three stages:

1. Allocation. The worker observes her current expertise 'ytH’i and the aggregate data quality Q,

and chooses her Al intensity a} € [0,1].

2. Action. She draws her labor and Al signals, forms the two forecasts f and f/*' as defined

in (9), and implements the combined action 4} = (1 — a}) tL’i +al tA'i. Her current payoff is

6This reflects the limited interpretability of modern Al systems (Lipton, 2018; Rudin, 2019). Modern Al is largely a
black box: a worker who delegates to Al observes its outputs but cannot directly inspect the reasoning that produced
them. She therefore cannot recover the underlying knowledge from Q; simply by watching the AI act, so the Al's
reliance on Q; does not show up in her own learning rate §°.
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A~ (6 —al)? i pa.

3. Learning. Her private expertise updates according to the skill law of motion (10), with the

effective learning input depending on her choice of ..

The worker’s choice of al thus affects both her current output quality—a higher a! improves
t put q y g ¢ 1IMp

the forecast precision whenever Q; + 7 > 7!(yH)—and her future expertise, since delegating to
Al replaces the rich feedback from labor (rate o/ (7)) with the weaker feedback from Al-assisted

work (rate 9%(11)). Taking the path of aggregate data quality {Q;} as given, the worker solves:

V(1Q) = max {E[A— (0 - a)?] —apa+p(1—0) V(4" Q) }, (12)
a€l0,1]

where a = (1 —a)f" +af4, and 7 evolves according to (10). The worker takes Q; as given

because she is atomistic: her individual choice has a negligible effect on the aggregate dataset. We

derive the explicit form of the flow payoff and characterize the optimal policy in Section 3.

2.5 Data Generation

When a worker takes an action, her behavior is recorded as a data point that enters the aggregate
dataset. Specifically, the data point from worker i’s action in period ¢ is
Di=ai+e, & ~NON/), (13)
where yp > 01is the data recording precision.” A key assumption is that only the worker’s observ-
able action enters the dataset—her private signals and private expertise are not directly recorded.
This is consistent with real-world practice: a firm’s business decisions are visible to outsiders, but
the private analysis behind those decisions is not.
The aggregate dataset available to Al at the start of period t consists of the complete history of

all past recorded actions:

i yi=1,..,N
Q1 = {Dj_}pN. (14)
Note that not all data points are equally informative about 6;—the informativeness of a data

point depends on how much of the underlying action reflects genuinely new information versus

information that the dataset has already captured from past observations. We characterize this

"The noise variance N/+p is scaled by the population size so that, in the N — co limit, the law of large numbers
delivers a well-defined aggregate precision ®; from the cross-section of data points. Each individual data point becomes
infinitely noisy, but the aggregate of N such points retains finite precision.
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precisely in Section 3, where we show that the composition of labor versus Al activities determines
the aggregate flow of novel information ®; into the dataset, and hence the evolution of aggregate

data quality Q;.

2.6 Competitive Equilibrium

We focus on the limiting economy as N — oo, in which idiosyncratic noise in data points washes

out and the evolution of Q; becomes deterministic given the cross-sectional distribution of choices.

Definition 1. A competitive equilibrium consists of a value function V(y;Q), a policy function
o*(vH;Q), a path for the skill distribution {G;}$°, and a path for aggregate data quality {Q;}, such

that:

1. V and a* solve the worker’s problem (12) given {Q;}.

2. Aggregate data quality Q; evolves according to (25), consistently with the cross-sectional distribution

G; and the policy o*.

3. The skill distribution Gy evolves consistently with individual skill dynamics (10), the exit rate , and

the entry distribution Fy:

Gua(B) = (1-0) [1{H(y",*(v%;Q0) € BYdGi(+™) +6Ro(B), (15

where H denotes the law of motion (10).

Each worker solves (12) taking Qy as given, but Q; is itself determined by the distribution of
choices across all workers through (25). Because no individual worker internalizes her contribu-

tion to Q, the equilibrium features over-adoption of Al relative to the social optimum.

3 Characterization

We now characterize the equilibrium of the model. We proceed in three steps. First, we derive
the optimal actions and the resulting flow payoffs for workers using labor, Al, and collaborative
mixes. Second, we analyze the individual skill dynamics and establish the conditions under which
the skill trap and polarization arise. Third, we characterize the information content of each type

of action and derive the explicit law of motion for aggregate data quality Q;.
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3.1 Flow Payoffs and Optimal AI Intensity

We now characterize the flow payoffs and the worker’s optimal choice of Al intensity «.

The quadratic structure of (1) implies that each optimal forecast is the posterior mean and the
expected loss equals the inverse of the posterior precision. The labor forecast ftL’i defined in (9)
has precision 4 + 7! (v'"), combining the worker’s accumulated expertise with her fresh labor
signal. The Al forecast ftA’i has precision ;' '+ Qr + 7*, additionally drawing on the aggregate
dataset. When the worker combines these two forecasts with weights (1—w,a), the precision
of the combined forecast is additive in its components. This follows because, conditional on the
worker’s prior information !, the two fresh signals stL’i and sf’i are drawn independently—each
provides information about 6; that the other does not contain. Since the expected loss under

quadratic payoffs equals the inverse of total precision, the expected flow payoff is:
1

T (A= a) () +a(Q+ ")

The denominator is the worker’s effective precision: her own expertise 7/ contributes regardless

u(v™, Q) = 4 (16)

of how she allocates the task, while the remaining precision comes from labor (precision /()

weight 1 — ) or Al (precision Q + 7%, weight ).

Substituting (16) into the Bellman equation (12), the worker’s problem in recursive form is:

H. _ i 1 o N HI. A~/
v ’Q)_arg[gﬁ]{A YH+ (1 =)y (vH) +a(Q+17) patpl—0)V(y 'Q)}' 47

where 7’ evolves according to (10).

In the full dynamic problem, the worker’s choice of a balances three forces. The first-order

condition for an interior a* € (0,1) is:

Q+1"— 4 (yH) _ e PHOML) ,
P+ (= () +a(@+ 7). Lo pU—0) 5, (r5Q), (8
Al cost skill loss of Al

information gain from Al

where 0H/da < 0 because a higher Al intensity substitutes the lower learning rate §%(y!?) for the
labor rate 7/ (") in the skill law of motion (10).8

The left-hand side is the information gain: the marginal improvement in current output from
shifting one more unit of the task to Al The right-hand side is the total cost, with two components.

The first is the direct cost premium p4. The second is the dynamic skill cost: each unit of «

8The value function V is increasing and concave in yH—higher expertise strictly improves both current and future
payoffs, with diminishing returns—so V/ > 0 and the skill-loss term is strictly positive whenever 57 (7H) < 7/ (y/H).
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H) for 4/ (4H) in the learning process, reducing the rate of skill accumulation.

substitutes 77 (7y

The three-way decomposition in (18) explains why the optimal Al intensity a*(!?) is decreas-
ing in expertise. A low-skill worker has large forecast errors, so the information gain from Al
is large and outweighs the costs. A high-skill worker already forecasts accurately; the marginal
information from Al is negligible, and the cost premium and skill cost dominate. The key insight
is that expertise and Al are substitutes for current performance but expertise and labor are com-
plements for skill accumulation. This pattern is well documented empirically: Brynjolfsson et al.
(2025) find that Al-based tools boost productivity primarily for novice workers; Cui et al. (2025b)
report a similar gradient among software developers; and Galdin and Silbert (2025) and Cui et al.

(2025a) show that AI writing assistance compresses the quality distribution, disproportionately

benefiting low-skill applicants.

3.2 Individual Skill Dynamics and the Skill Trap

We now analyze how the optimal policy feeds back into long-run skill dynamics. The central
object is the skill transition map H: given a worker’s current expertise v/ and the aggregate data

quality Q, the map returns her next-period expertise under the optimal policy:
H o’ 1)
HM0) = ( ) (19)
0= G e G e )y
where a* = a*(9!1; Q) is the optimal Al intensity. A crucial distinction is embedded in this equa-

tion: the worker’s policy is shaped by Al’s current-period precision Q + <*, which exceeds labor

precision 7! (7") when the aggregate dataset is rich enough. But the learning input—the denom-

inator of the first term in (19)—depends on 4%(y!), which is strictly lower than 7/(yf) under
Assumption 1. This wedge between what determines Al adoption today and what determines
skill growth tomorrow is the source of the skill trap.

Fixed points of H—values 7" satisfying H(y"; Q) = 7" —are long-run skill levels to which
workers converge. The shape of H determines whether the economy has a unique long-run skill
level or whether multiple steady states coexist.

To build intuition, we begin with the myopic case f = 0, where the worker cares only about

current output.

Lemma 1 (Optimal Al Intensity). Suppose Q + v* > +!(yH) for all 4™ in the support. When p =
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0, under Assumption 1 and for appropriate values of pa, the optimal Al intensity a*(y™; Q) is strictly

decreasing in expertise v, with three regimes:
(i) Full AI (a* = 1): workers with low expertise delegate entirely to Al
(ii) Collaboration (a* € (0,1)): workers with intermediate expertise use a mix of Al and labor.
(iii) Full labor (a* = 0): workers with high expertise rely entirely on their own expertise.

The proof and closed-form expressions for the policy and the zone boundaries are in Ap-
pendix A. The monotone relationship between expertise and Al intensity—less skilled workers
rely more on Al, more skilled workers rely more on labor—creates a feedback loop: workers who
lack expertise adopt Al, which slows their learning, which keeps their expertise low, which makes
Al even more attractive. Whether this feedback is strong enough to generate a genuine trap—with
multiple long-run steady states—is the question we turn to next.

Recall from Section 2.3 that permanent full-AI use (¢ = 1) leads to the low steady state x,
while permanent labor (¢ = 0) leads to & > k. Whether the optimal policy produces a genuine
trap—where workers at different initial skill levels permanently diverge—depends on whether
the substitution feedback documented above is strong enough to make the derivative of the skill
transition map exceed one.

The proposition requires Q + 4* > 7!(yH) at every 7 in the support: Al must be more pro-
ductive than labor at every skill level. This condition is not restrictive. The aggregate dataset Q
reflects the accumulated knowledge of the entire workforce—in any economy where Al draws
on a large body of historical data, Q will be a large number relative to the precision of a single
)

worker’s labor signal Q ranges from 20 to 50 while Yy ranges from 1 to about 5.

Proposition 1 (Existence of the Skill Trap). Suppose B = 0 and Assumption 1 hold. Then there exist
values of Q > 0and pa > 0 such that the derivative of the skill transition map satisfies H'(v";Q) > 1
for some yH. The map H therefore has at least two stable fixed points: a low steady state near x with high

Al intensity, and a high steady state near k with low Al intensity.

The proof is in Appendix A.
In the pre-Al economy, the derivative of the skill transition map H' is everywhere below 1:

every worker converges to the same &, and no trap can form. The skill trap requires H' > 1
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somewhere. Decomposing H' reveals the economic force that makes this possible. Let

L(y",a) = 9"+ (1 —a) o' (v") + a3 (+")
denote the learning input that enters the skill law of motion (10)—both labor and Al learning rates
are functions of the worker’s own expertise. On the collaboration zone, where the worker uses a

mix of Al and labor,

H' (") =

023
1 > x  L'(y™) (20)
(027y + L(vH, a)) ~——

amplification (>1)

Kalman gain (<1)

where a* = a*(yH; Q) is the optimal Al intensity from (17) and the prime on L’ denotes the total
derivative along the policy. The first factor is the standard Kalman gain—the same attenuation
present in the pre-Al economy. The second factor satisfies

() =7y
Q-+ —+(v")
with equality when «/(+) is constant. The substitution term captures endogenous Al-to-labor substi-

i)

L'(y") > 1+ > 1, 1)

tution: when a worker gains a marginal unit of expertise, she reduces her Al intensity (Lemma 1),

replacing Al-assisted learning at rate 4%(y!") with the faster labor learning at rate 7/(y). The

gap 7 (") — #°(7H) in the numerator is the deskilling wedge; the denominator Q + 9 — 9/ (7H)
is the informational advantage of Al over labor at expertise 7. Whenever Assumption 1 holds
with strict inequality (i.e., the labor-learning profile rises with expertise), there is an additional
non-negative profile contribution to L’ from the rising 7/ ('), which strengthens the amplification
further; the proof in Appendix A writes out the exact expression.

The product H' > 1 when the amplification overcomes the Kalman attenuation. This happens
when Al is informationally superior to labor (Q + 9 > 7!(yH)) but not overwhelmingly so—
when the denominator of L is moderate, the amplification is large. For any Q in the range where
Al is better than labor but the gap is not too wide, there exists a price interval for p 4 such that the
collaboration zone is non-empty and H’ > 1 on part of it (Appendix A). The resulting map H has
at least two stable fixed points: a low one in the full-Al zone and a high one where the worker
uses less AL The high steady state need not involve full labor—in the calibrated economy, even the
expert fixed point has interior Al intensity, reflecting the fact that skilled workers still find some

Al use beneficial when the aggregate dataset is rich enough.

Figure 1 illustrates Proposition 1. In the full-Al zone (low '), the worker delegates entirely
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Figure 1: The skill trap under the myopic policy (8 = 0), illustrative parameters. The plot shows
the expected one-step skill change H(7") — 4! as a function of current expertise 7, with the
three regimes of the optimal policy (Lemma 1) shaded: full AI (#* = 1), interior collaboration
(0 < a* < 1), and full labor (a* = 0). The zero crossings are the fixed points of H: a stable Al trap
at x (labeled x4 in the figure), an unstable tipping point in the collaboration zone (labeled x ), and
the full-labor steady state at ¥ (labeled «r). The arrows indicate the direction of skill dynamics:
workers who start below the tipping point converge to the Al trap, while those above converge to
the expert level.

to AL Skill accumulates slowly, and above x the depreciation from the fundamental’s drift over-
whelms the meager learning: the worker is trapped. In the collaboration zone (intermediate '),
the substitution from Al to labor has a compounding effect: each unit of labor that replaces Al
raises the learning input by 7/ (7)) — 47(yH) = (1 — ¢)7!(yH), which accelerates skill growth,
which pushes expertise higher, which further reduces a*. This positive feedback loop—driven by
H' > 1—carries the worker through the unstable region and toward the high steady state, where

the combination of high expertise and moderate Al use is self-sustaining.

3.3 Data Quality and the Externality from AI Adoption

The analysis so far has taken the aggregate data quality Q as given. But Q is itself determined
by workers’ collective actions: each period, the dataset is updated with the recorded actions of all

workers, and the informational content of these recordings depends on how much each worker
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relied on Al versus labor. We now derive how Al adoption shapes ®;—the aggregate flow of
novel information into the dataset—and show that higher Al intensity systematically degrades
future data quality, creating a negative externality that individual workers do not internalize.

To characterize the information content of workers” actions, we adopt the following main-

tained assumption:

Assumption 2 (Signal-Only Data Contribution). The dataset updates only from the current-period sig-

nal components of workers” actions.

Under this assumption, a worker’s prior E(6; | Hi)—which is a function of her entire history
of past actions—is treated as already known to the dataset from previous recordings. This greatly
simplifies the analysis by making the information content of each action transparent. Without
the assumption, the dataset would partially re-learn from the prior component of each worker’s
action in every period, introducing a layer of repeated inference that complicates the aggregation
but does not change the overall mechanism.

To see the content of the assumption, consider the decomposition of each forecast type. The

labor forecast separates into a prior component and a fresh signal:

H,i 1~ Hi
L Tt i v (") L
t t t
7+ () 7+ ()
prior (assumed known) innovation (new )

The Al forecast has an additional component drawn from the aggregate dataset ();_1:

Ai 7" j Qr s A
1 t 1 1
e T RO | M) E(0 | Q1)+ —————sM . (23)
L Qi 7+ Qi+ 7 Qi
prior (assumed known) dataset echo (known) innovation (new)

When vp is finite, the dataset cannot perfectly reconstruct workers” past actions, so the prior
component E(8; | H!) embedded in today’s action contains some information the dataset has not
fully absorbed. This gives value to repeated learning—extracting residual information from the
prior-driven part of each action. As yp grows large, the dataset’s recordings become increasingly
precise, and the prior component becomes redundant: the dataset already knows what the worker
knows from her history. Assumption 2 takes this limiting case as exact.

Two considerations support this simplification. The first is that the approximation becomes
exact in the limit yp — oo, and the higher 7p is, the more accurate it becomes. This is reassuring

because Section 6.3 shows that the welfare gains from planner intervention are larger, not smaller,
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at higher values of yp: the regime where Assumption 2 is tightest is also the regime where the
data externality is most consequential, so the approximation is sharpest exactly where it matters
most. The second is that we can relax Assumption 2 directly and compute the full Bayesian coun-
terpart as a robustness check; Appendix E does this and shows that the skill trap, the planner’s
monotone-declining a* (), and large welfare gains all survive under the exact treatment. At the
baseline calibration the exact Bayesian planner gain is in fact slightly larger than the signal-only
gain, because the exact Bayesian filter has a second information channel—joint filtering of cohort
action dynamics—that is ignored in the competitive equilibrium. Internalizing the externality is
therefore more valuable.

We maintain this assumption so that we can get the following intuitive expression for the

aggregate data quality evolution:

Proposition 2 (Aggregate Data Quality). Under Assumption 2, in the limit N — oo, the aggregate

precision gain from period t's data is

1(~Hi a 2
N ) i g
b, = ’)/D/ [(1 — DC;) - — + oy - dGy, (24)
R O T B TR R S
and the law of motion for aggregate data quality is
1 0? 1
= + = 25
Qi1 Qi +Dr vy @)

The law of motion (25) has the same Kalman filter structure as the individual skill recursion
(10): the dataset starts the period with precision Q;, gains precision ®; from the new data, and
then loses some precision due to the drift in the underlying state ;. The key economic content is
in the data flow ®;.

To see why Al adoption degrades data quality, consider the innovation weights in (24). A
worker with expertise 77 who uses labor contributes information with innovation weight Y (yH) /(v +
9! (9H)). A worker who uses Al contributes information with innovation weight v/ (y" + Q +
7%). The Al innovation weight is systematically smaller for two reasons. First, the AIs fresh sig-
nal precision 7? is typically smaller than the labor signal precision 7 (yH) (the Al learns less from
each interaction). Second, the Al’s denominator includes the aggregate data quality Q, reflecting
the fact that most of the Al's forecast comes from recycling what the dataset already knows—

the “dataset echo” in equation (23)—rather than generating genuinely new information. When a
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worker delegates to Al, her recorded action is mostly a noisy copy of the existing dataset, con-

tributing little that the dataset did not already contain. The following result formalizes this.

Proposition 3 (Data Corruption from Al Adoption). Suppose that Al is more productive than labor
(Q+ 9" > ' (+1)) but generates less novel information (v* < o' (™)) at every 4™ in the support. Hold-
ing the cross-sectional distribution of expertise G; fixed, the aggregate data flow ®y is strictly decreasing in

each worker’s Al intensity al. Higher Al intensity today degrades data quality Q1 tomorrow.

The proof is in Appendix A. The key intuition is that a worker who delegates to Al contributes
an action whose innovation weight—*/ (v + Q + 9")—is smaller than the innovation weight
under labor—+! (yH) / (4 + 4! (4H))—because the Al's denominator includes the aggregate data
quality Q. Most of the AI’s forecast comes from recycling what the dataset already knows rather
than generating genuinely new information. Switching from labor to Al therefore replaces a data-
rich action with a data-poor one, reducing ®; and hence future Q.

Proposition 3 identifies the data externality at the heart of the model. Each worker takes Q as
given when choosing her Al intensity, but her choice of « affects ®;, which affects Q;;1, which af-
fects every other worker’s Al quality in the next period. The externality is negative because the Al
innovation weight 7"/ (7" + Q + %) is smaller than the labor weight 7/ (1) / (7" + 9! (yH)). The
proposition writes this out under the sufficient condition y* < v (1), but the qualitative result is
more robust than this condition suggests: the AI denominator carries Q, which is typically much
larger than 9! (yH) in any economy where the Al draws on a substantial historical dataset. Even
if Als fresh signal precision matched or exceeded labor’s, the dataset’s existing precision would
dilute it—an Al-assisted action remains mostly an echo of what the dataset already knows, and
replacing labor with Al still records a less informative action. The externality therefore survives
across a wide range of 7%, including values that violate v* < 9/(9!) (Appendix D.4). Individual
workers do not internalize this cost because Q is a public good—each worker’s contribution to the
dataset is infinitesimal, but the aggregate effect of widespread Al adoption can be large.

The preceding analysis has characterized the individual skill dynamics (Proposition 1) and
the data quality externality (Propositions 2-3) as separate channels. In the competitive equi-

librium, these channels interact: the cross-sectional distribution of Al intensity determines data

quality through ®;, data quality shapes Al’s informational advantage and hence the optimal pol-
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icy through Q, and the optimal policy feeds back into skill dynamics through the transition map
H. With forward-looking agents (8 > 0) and endogenous data quality, closed-form characteriza-
tion of the full equilibrium is no longer tractable. We therefore turn to a quantitative analysis. The
next section calibrates the model to match pre-Al skill dynamics and the experimental evidence
on Al-assisted learning, and the subsequent sections evaluate the model’s implications for skill

polarization, welfare, and optimal policy.

4 Calibration

We calibrate the model at an annual frequency. The strategy is to pin the skill dynamics from the
pre-Al economy—where the life-cycle profile of expertise is well-documented—and then calibrate

the Al-related parameters from the experimental literature on Al and learning.

4.1 Pre-Al skill dynamics

Hy —

The labor signal precision is allowed to depend linearly on the worker’s expertise, /(7
vh 4+ E(yH — 4¥), with the entry-level precision normalized to 7, = 1 and v} = Yy (1 — p?) the
no-learning fixed point. The parameters (p, 7;, ¢) jointly govern how fast the fundamental drifts,
how rapidly workers accumulate expertise, and how the labor signal becomes more informative
with experience. A worker’s total forecasting precision under labor is P = 7 + 9!(4H), and her
expected output loss is 1/ P. Wage growth over the career thus tracks the growth of P.

We calibrate (p, vy, ¢) to the US experience-wage profile of Lagakos et al. (2018). The calibra-
tion yields p = 0.946, v, = 128.21, ¢ = 0.239, and Figure 2 displays the fit. Implied entry expertise
is 7£' = 13,5 and the full-labor steady state is & = 29.6.

Note that the calibrated /() is increasing in 71, so assumption 1(i) holds in the data. This
may seem at odds with the concavity of the wage profile—if more experienced workers extract
richer information from each task, why doesn’t wage growth accelerate at older ages? The model
reconciles the two through Bayesian attenuation: as v approaches the innovation-precision ceil-
ing 7, = 128.2, the marginal value of each additional signal shrinks regardless of its precision.

Wages therefore rise rapidly in early career, when each labor signal moves expertise substantially

against a low base, and plateau at older ages, when the worker is close to her information ceiling—
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even though «/(yH) itself is still growing. The empirical concavity of the wage—experience profile

is thus consistent with rising ’yl , not evidence against it.
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Figure 2: Pre-Al wage profile: data and model fit.

4.2 Demographics

B = 0.96 is the standard annual discount factor. We set 6 = 1/30 ~ 0.033, implying an expected
career of 1/6 = 30 years in the expertise-building phase, consistent with the horizon over which
the cognitive wage profile remains informative (Lagakos et al., 2018 Figure 10 reports profiles
through T = 37). The exit rate § should not be interpreted literally as retirement. Rather, it captures
the effective rate at which a worker’s accumulated occupation-specific human capital becomes less
relevant—whether through career transitions, promotions into roles that require different skills,
or technological changes that reshape the nature of work within an occupation. Of course, not
all job changes reset expertise: workers who switch employers within the same occupation carry
over much of their experience. But the fraction of human capital that is truly occupation-specific,
and that must be rebuilt after a major career transition, is substantial (Kambourov and Manovskii,

2009).
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4.3 Al-related parameters

We set 7" = 0.08, implying that AI's own novel signal is small relative to an entry-level worker’s
labor signal: % /7' (v4!) = 0.08, where 7! (y£) = 1.0 is the labor signal precision at entry. Because
7! (M) rises with expertise (Assumption 1), the ratio 1*/+' (1) is even smaller for more experi-
enced workers; in steady state, Al’s fresh signal is negligible compared to the labor signal of any
worker who has accumulated substantial expertise. Al's advantage comes overwhelmingly from
the aggregate dataset Q, not from independent information generation. The low value of 7 is
motivated by the model collapse literature: when Al systems are recursively trained on their own
outputs, the quality of successive generations degrades (Shumailov et al., 2024), revealing that
Al-generated content contains far less genuinely novel information than human-produced data.
Cai (2024) formalizes this insight in an economic model with social learning, showing that the rate
of data quality degradation under recursive Al training identifies the ratio of novel to recycled
information in Al output—precisely 7” in our model. We treat /" as a fixed property of the Al
system, independent of the user’s expertise.

We set the Al/labor learning ratio ¢ = 4°(yf)/~' (") = 0.25, a single scalar that disciplines
Al’s learning contribution at every level of expertise under (11). We calibrate this ratio from the
experimental literature on Al-assisted learning. Several randomized studies measure how much
workers learn when they delegate to Al versus performing tasks independently. We convert each
into an annualized learning ratio 4*/+!. Bastani et al. (2025) find that high school math students
with unrestricted ChatGPT access learn 83% as much as a control group over one month of practice
(0.83'2 ~ 0.11 annualized). Shen and Tamkin (2026) find that software developers who fully
delegated coding to Al learned roughly 49% as much as the control over a one-hour session—the
Al group encountered a median of one error compared to three for the control, receiving far less
of the hands-on diagnostic practice that builds expertise—which annualizes to near zero. Barcaui
(2025) find that undergraduate students using ChatGPT retained 84% of the learning of a control
group over 4.5 months including a retention test (0.847 ~ 0.63 annualized). The annualized
estimates range from near zero to 0.63, with the lowest values consistently associated with full

delegation rather than guided use.

Evidence from clinical medicine corroborates these findings. Budzyn et al. (2025) find that
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endoscopists whose colonoscopies were randomly assigned to use Al assistance roughly half the
time saw their unassisted detection rate fall from 28.4% to 22.4%—a 21% decline—after just three
months. Interpreting detection rates as a proxy for expertise, we can map this finding to the model.
Under half Al use (« = 0.5), the model’s long-run expertise decline is 16% at /7' = 0.25 and
20% at 4" /' = 0.10. The observed 21% decline after a single quarter already exceeds the long-run
prediction at 4/« = 0.25, pointing to a much lower value.

We adopt ¢ = 0.25 as our benchmark, so 4*(yH) = 0.254!(y) at every 4. The direct ex-
perimental estimates from education and software development cluster between 0 and 0.25 when
workers fully delegate, and the medical evidence is consistent with a value in this range.

) )

= ¢! (yH) also rules out an interior learning peak—a

The proportional specification 4 (-y
regime in which a moderate mix of labor and Al builds skill faster than either pure mode. The
empirical case for an interior peak is weak (the studies cited above find Al access uniformly im-
pairs independent learning), but a smaller “scaffolded use” literature suggests guided Al could
complement learning. In Bastani et al. (2025), adding guardrails that prevented ChatGPT from
giving direct answers eliminated the learning impairment entirely. The effective §* thus depends
on Al design and intensity of use.

The data recording precision yp governs how informative each recorded action is for the
dataset. We calibrate it so that the pre-Al aggregate data quality Qp,.—defined as the steady-

state fixed point of the data quality recursion when all workers use full labor—equals the total
forecasting precision of the best human expert:
Qe = R+17'(kK) = 29.6+4.85 = 345.

The interpretation is that, before Al is available, the most informative posterior any worker achieves
in equilibrium combines her accumulated expertise k¥ with the precision of one period’s labor sig-
nal 7/(%). Because the dataset aggregates many such posteriors across the cross-section, Qpre can
match—and in calibrations where workers are abundant, even slightly exceed—this benchmark,
while remaining well below the upper bound 7, = 128 set by the innovation precision. This

calibration target yields yp = 390.°

9In ongoing companion work, I calibrate yp directly to AT benchmark performance scores from the test-based-tasks
literature, providing an external discipline that does not rely on the best-expert anchor used here. The qualitative
findings of this paper are robust to the alternative calibration; quantitative magnitudes shift modestly within the range
reported in the vp comparative statics of Section 6.3.
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Table 1: Benchmark calibration. Labor signal precision specified as 7! (7)) = 7} + & (vF — + ),
with 7§ = 7, (1 — p?) the no-learning fixed point.

Panel A: Pre-Al economy

AR(1) persistence 1Y 0.946

Innovation precision Ty 1282 pre A wage—experience profile
Labor signal intercept 00 1.0

Labor signal slope ¢ 0239

Discount factor B 0.96  Standard

Exit rate o 1/30  30-year expertise-building career

Data recording precision  7p 390 Al quality equals best human expert

Panel B: Al technology
Fresh Al signal precision 9"  0.08  Model collapse literature
Al/labor learning ratio c 0.25  Al-assisted learning experiments
Al price pa  0.007

We model the arrival of Al as a price shock: the cost of Al drops from prohibitively high (the
pre-Al economy) to p4 = 0.007. At this price, Al is cheap enough that workers with low exper-
tise find it attractive—the information gain exceeds the cost—but not so cheap that every worker
adopts Al regardless of skill. The benchmark p4 = 0.007 lies in the intermediate region where
the interaction between Al adoption, skill accumulation, and data quality produces meaningful

heterogeneity.

4.4 Entry distributions

We consider two benchmark entry distributions:

* Uniform entry: F is uniform on [y}, %]. New workers arrive with heterogeneous initial

skill, representing an economy with diverse educational backgrounds.

* Bottom entry: F is concentrated at ’yé{ . All new workers enter at the lowest skill level, as is

natural for recent graduates entering knowledge-intensive occupations.
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5 Quantitative Results

We now solve for the competitive equilibrium following the Al price shock. Att = 0, the cost
of Al drops from prohibitively high to p4 = 0.007, and the economy transitions from the pre-Al

steady state to a new post-Al equilibrium.

5.1 Steady state

Figure 3 summarizes the competitive equilibrium for both entry specifications.

Uniform entry (left column). The H map exhibits the three-fixed-point structure of Proposi-
tion 1: a low-skill trap at " ~ 16.4 (where a* = 1), an unstable interior fixed point at 7 ~ 25.5,
and the full-labor steady state at & = 29.6 (where a* = 0). The post-Al skill distribution is bi-
modal (panel b): workers who enter near the trap remain there with full Al use, while those en-
tering above the unstable threshold accumulate skill under labor and reach &. Mean Al intensity
is @ = 0.73, mean expertise falls from 25.5 (pre-Al) to 20.3 (post-Al), and aggregate data quality
drops from Q;;re =34.5to Q* = 22.6.

Bottom entry (right column). Every new worker enters at 7' = 13.5 and adopts near-full Al
(@ = 0.88). Since the entry point lies below the unstable interior fixed point, the bulk of mass is
absorbed into the low-skill trap at ! & 16.4, with a smaller mass of long-tenure workers reaching
the expert level at ¥ = 29.6 (panel b). The post-Al distribution is therefore bimodal under bottom
entry as well as under uniform entry, but with much greater weight at the trap. Mean expertise
falls from 25.4 (pre-Al) to 16.8 (post-Al), and aggregate data quality drops to Q* = 18.0, about half
of the pre-Al level.

5.2 Welfare

The welfare effects of Al depend on how welfare is measured. Table 2 reports four measures. The
arrival of Al produces two competing forces, both visible in Figure 3. First, a positive technology
effect: at every skill level, a worker can use Al to boost her current output—panel (d) shows that
workers optimally adopt Al especially at low skill, precisely because it improves their immediate
performance. Second, a negative distribution effect: Al adoption slows skill accumulation, shifting

the long-run skill distribution toward lower expertise—panel (b) shows the post-Al distribution
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concentrated at lower ! than the pre-Al distribution, with a pronounced mass of workers stuck
in the slow zone near 7/ ~ 30 (uniform) or near the entry level (bottom). Whether the net welfare
effect is positive or negative depends on which force dominates, and this in turn depends on the

welfare measure used.

Table 2: Welfare effects of Al: pre-Al vs. post-Al

Uniform entry Bottom entry
Steady-state comparison
Cross-sect. lifetime ([ V dG) —5.8% -12.9%
Cross-sect. flow ([ udG) +0.3% +1.1%
New entrant lifetime ([ V dF) +7.0% +13.8%

Note: All entries are percentage changes from pre-Al to post-Al Cross-sectional measures
integrate over the respective steady-state distribution G. New entrant welfare integrates V over
the entry distribution Fy. Initial generation welfare evaluates the post-Al transition value
function Vj at the pre-Al distribution Go.

Note that the cross-sectional lifetime welfare, f V dG, falls in the post-Al steady state (—5.8%
under uniform entry, —12.9% under bottom entry), while the cross-sectional flow welfare, f udG,
moves only modestly and stays slightly positive in both cases (4+0.3% uniform, +1.1% bottom).
Both measures reflect a positive technology effect (Al improves the flow payoff at every skill level
whenever Al is used) and a negative distribution effect (the skill distribution shifts toward lower
expertise). The sign of the net change differs across measures because the lifetime value V is much
steeper in expertise than the flow payoff u. In the post-Al economy, the flow payoff u (Y™, a*(yH); Q) =
—1/[v" + (1 — a®)y' (7)) + *(Q + 9*)] increases only moderately with skill, while the lifetime
value V(9) increases steeply: a low-skill worker is trapped at low skill for the remainder of her
career, accumulating mediocre payoffs period after period, while a high-skill worker maintains
high skill throughout. The career trajectory amplifies skill differences, making V' much more sen-
sitive to the position in the skill distribution than 1. When Al shifts mass toward low expertise, the
welfare cost is therefore much larger under V—Ilarge enough to turn the aggregate change clearly
negative—while the flow measure barely moves.

New entrant lifetime welfare rises (4+7.0% uniform, 4+13.8% bottom), because this measure

holds the distribution fixed at Fy and captures only the technology effect.
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5.3 Transition dynamics

We compute perfect-foresight transitions from the pre-Al steady state to the post-Al steady state.
At t = 0, the Al price shock arrives. Workers and the aggregate dataset adjust gradually as new
cohorts enter and old cohorts retire. Figure 4 summarizes the results for both entry specifications.

Uniform entry (left column). Starting from Qo = Qpre = 34.5, aggregate data quality declines
monotonically to its post-Al level of 22.6 as workers adopt Al (panel c). Mean expertise drops from
25.5 t0 20.3 (panel a), and mean Al intensity rises quickly before settling at & = 0.73 (panel b). The
skill distribution (panel d) develops a persistent bimodal shape: experienced workers who entered
before Al retain high expertise, while newer cohorts accumulate less skill due to heavy Al use.

Bottom entry (right column). When all entrants start at the lowest skill level, the transition is
starker. Al intensity jumps immediately to & ~ 0.88 and remains high throughout (panel b). Mean
skill drops steadily from 25.4 to 16.8 (panel a), and data quality collapses from 34.5 to 18.0 (panel c)
as the pre-Al cohort retires and is replaced by Al-dependent entrants who contribute almost no
novel information to the dataset. The skill distribution converges to a tight mass at low expertise
(panel d). Compared to uniform entry, the bottom-entry economy suffers a larger decline in both
skill and data quality, because the composition of entrants leaves no high-skill cohort to anchor
the distribution.

Under both entry specifications, the bulk of the transition occurs within the first 50-100 pe-
riods, but full convergence takes longer. The speed of the transition is governed by three forces.
First, worker turnover: with § = 1/30, the expected career is 30 years. Second, slow skill accu-
mulation under AL: with §7(yH) = 0.25!(yH), workers using Al accumulate expertise at a con-
stant fraction of the labor rate, so the absolute deskilling penalty v/ (1) — 47 (1) = 0.75 /(1)
widens with experience as 7/ (7!?) rises. Third, the data quality feedback loop: as the skill dis-
tribution shifts, data quality Q changes, which alters optimal Al intensity, which further shifts
the distribution. This feedback amplifies the transition but also slows convergence, as each small
adjustment in Q propagates into all workers” decisions.

Under bottom entry, the path also exhibits high-frequency wiggles around its smooth trend.
These reflect a genuine non-smoothness in the dynamics rather than numerical noise. The optimal

Al intensity a*(7) is a step-like function (Figure 3, panel d): workers below the unstable fixed
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point of the H-map sit at the corner x = 1, while workers above it sit at the corner « = 0. As the
distribution evolves, mass crosses the threshold in discrete jumps—a small fraction of workers
flips from full Al to full labor in a given period, and back in the next. This produces small jumps
in ®; and, via the Kalman recursion, in Q;. The fixed-point map on Q; is therefore non-contractive
at the threshold, and a damped iteration retains a residual two-period oscillation that we break
by averaging over the last several iterates. The economic content of the path is not affected—the
smoothed trajectory tracks the underlying mean dynamics—but the wiggles are a real feature of

the model rather than an artifact of the solver.

6 Constrained Efficiency

The competitive equilibrium features an aggregate data quality externality: each worker takes Q
as given when choosing «, but her action affects ® and hence future Q. A constrained planner who
internalizes this externality, but otherwise respects the model’s primitives, would choose different
Al intensity. We analyze this problem in two steps: first the steady-state planner, then the dynamic

planner.

6.1 Steady-state planner

The steady-state planner chooses a stationary type-dependent policy a(y?) to maximize flow wel-

fare:

max / u(y", a(y™); Q) dG(y),

subject to two constraints:
1. Distribution Stationarity: G is the invariant distribution of expertise under the policy a(-),

the skill transition map H, and worker turnover with exit rate  and entry distribution F.

2. Aggregate data consistency: Q satisfies the steady-state version of (25), with ® determined
by the policy a(-), the distribution G, and Q itself through (24).

This is an infinite-dimensional problem: the planner must choose a function a(y) subject

to fixed-point constraints on both the distribution G and data quality Q. Direct computation is

intractable. A key simplification is that the externality operates only through the scalar Q: every

34



Uniform entry Bottom entry

28 ---- 5f, =203 « ---- i, =16.9
= 26 <
Q
2
z 24
()
&
5} 224
=]
g
s 20T TS
c)
18 4
16 7 T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
0.90 1 —== Gipon = 0.73 4
& 0.85 1 4
>
= 0.80 1 1
g /\
E 0751 1
< 0.70 4 ]
=1
s 0.65 B
=
a 0.60 1 1
0.55 1 1 - @ =088
0 20 40 60 80 100 0 20 40 60 80 100
35.0 1 1
N 32.5
:‘E, .
g 30.0 1 1
o'
g 27.5 1 1 — CE
s I\ N e Q. =34.5
% 25.0 B —m=t Q=181
=]
& 22.5 - 1
g = CE
< i ]
= 20.01 ... Qe =345
175 7 Q=226 T——
0 20 40 60 80 100 0 20 40 60 80 100
T T

Figure 4: Transition dynamics from the pre-Al to the post-Al steady state. Left column: uniform
entry. Right column: bottom entry. Rows show (a) mean expertise, (b) mean Al intensity, and
(c) aggregate data quality Q;. Y-axes are shared across columns within each row to make the com-
parison direct. Horizontal red dashed lines mark the post-Al steady-state values toward which
each variable converges: '7’£Iost in (a), &post in (b), and Q;;ost in (c). The horizontal green dotted line

in panel (c) marks the pre-Al calibration anchor Qp.. = & + v'(k) = 34.5, the total forecasting
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worker’s flow payoff and skill dynamics depend on other workers” actions only through aggregate
data quality. This means the planner’s problem can be decomposed. Rather than solving the full
infinite-dimensional problem, we can construct an auxiliary Bellman equation that adds a single
correction term to each worker’s private payoff, parameterized by a scalar ji—the shadow value of
data quality. This shadow price represents the social value of a marginal unit of novel information

contributed to the aggregate dataset. Searching over ji then recovers the planner’s optimum.

Proposition 4 (Steady-State Auxiliary Bellman). The steady-state planner’s problem is equivalent to

the following two-step procedure:

1. Inner problem. For a given data quality price fi > 0, solve for the multiplier A(y™) satisfying

A(y") = max [u(1", Q)+ fip(r", Q) +(1 - 8) A(H(Y,0)), (26)

private payoff data subsidy
where (v, 0;Q) = vp[(1 — a)y' (7" /(v +4' (7)) + ay®/ (71 + Q +9")? is the individ-
ual data contribution from Proposition 2. This yields a policy a*(vH; fi), a stationary distribution

G(ji), and an aggqregate-consistent Q(ji).

2. Outer problem. Search over fi to maximize actual welfare evaluated at the original payoff:

it = argmax [ u(y", ' (4% 1); Q(m)) 4G ().

>0
Here A(yH) is the Lagrange multiplier on the stationarity constraint—the social shadow value of having a

worker at skill v in the stationary distribution. The proof is in Appendix B.'°

To see where (26) comes from, consider two perturbations to the planner’s allocation (the full
derivation is in Appendix B).

The multiplier A () is the social shadow value of having a worker at skill 7 in the stationary
distribution—the marginal increase in the planner’s welfare from adding one infinitesimal worker
at 7. This shadow value accounts for everything the worker contributes: her own output, her
effect on data quality, and the value of the skill level she will reach in future periods.

Suppose the planner marginally increases Al intensity for workers at skill 7. Three effects

10This is the golden rule planner—analogous to the golden rule in the Ramsey growth model. The dynamic planner
(Section 6.4) discounts at Bs(1 — &) and converges to a modified golden rule with a less aggressive correction.
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arise, and at the optimum they must sum to zero:
oH

ou ¢
7y H
— + = +(A-8)AN(H(y" &) 5-=0 27
I is, tA=ON(HO«) =~ =0, (27)
~—~— ———
private marginal  externality effect on future
payoff from Al correction skill composition

where ji = p-0I'/9dP. The first term is the private marginal payoff from Al—the same trade-off
a CE worker faces. The second term prices the worker’s marginal effect on data quality: more
Al means less novel data, which the planner values at ji per unit. The third term captures how
changing « shifts the worker’s next-period skill from H to a slightly different level; this has social
shadow value A’(H) and is realized only if the worker survives (probability 1 — J).

Now consider adding one extra worker at skill 7 to the stationary distribution (see Ap-
pendix B for the full derivation). The stationarity constraint requires inflow to equal outflow
at each skill level separately, not just in aggregate, so there is a type-specific shadow price A(yH)
at every 1. Adding one worker at 7 violates stationarity at that skill level—effectively crowd-
ing out another worker of the same type—and the shadow cost of this is A(7f). The benefit is
the worker’s per-period social contribution. At the optimum, the planner is indifferent—the cost

exactly equals the benefit:

A =u(r" e Q) +e(v", et Q) + (1-8) A(H(y",a)) . (28)
shadow cost: flow output data contribution continuation value

crowd out at 7y

The right side is the benefit: her flow output, her contribution to data quality valued at the shadow
price ji, and a continuation value—with probability (1 — J) she survives and becomes a worker
at H(y",a*), which is worth A(H) to the planner. This indifference condition has a recursive
structure and is exactly the auxiliary Bellman (26).

The planner’s time preference B does not appear in (28) because the planner’s objective [ udG
evaluates a single stationary cross-section—there is no time dimension. The only reason the
worker’s future matters is that she transitions to a new skill level if she survives, hence the factor
(1 —0) butno B.

The proposition transforms the planner’s infinite-dimensional problem into a one-dimensional
search over the scalar fi. The auxiliary Bellman (26) adds a single term to the CE Bellman: ji o(v1,a; Q).
This term subsidizes the worker for her contribution to the aggregate dataset. The function ¢ mea-

sures how much novel information the worker’s action generates. At fi = 0, we recover the CE.
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At ji > 0, workers are rewarded for generating novel data, which tilts their choice toward labor.
Why is fi a scalar but the correction type-dependent? Because the data contribution ¢ depends
on skill yH. Atlow skill, the labor innovation weight o/ (yH) / (yH + 4! (4H)) is large—an unskilled
worker’s labor action contains a high fraction of fresh information. At high skill, the innovation
weight shrinks toward zero. The uniform price ji therefore generates a larger effective subsidy for

low-skill workers, who are precisely the ones that the CE pushes most aggressively toward Al

Table 3: Steady-state planner vs. competitive equilibrium

Uniform entry  Bottom entry

CE Planner CE Planner

Data quality (Q*) 22.6 28.8 18.1 27.4
Mean Al intensity 0.73 0.40 0.88 0.39
Mean skill 20.3 23.8 16.8 21.7
Welfare gains
Flow gain +5.9% +12.3%
Lifetime gain +7.2% +11.8%

Figure 5 compares the planner’s allocation to the CE for both entry specifications, and Table 3
summarizes the key outcomes. Several findings emerge. First, the planner substantially reduces
Al intensity: mean Al use falls from 0.73 to 0.40 (uniform) and from 0.88 to 0.39 (bottom). The
planner does not eliminate Al—it still accounts for roughly 40% of task allocation—but the cor-
rection is concentrated at the early-mid-career range where the dynamic and informational gains
from labor are strongest. Second, the skill trap is mitigated: the slow zone shrinks because the
planner restricts Al use through this critical range, keeping the learning input higher (panel d).
Third, data quality recovers substantially: from 22.6 to 28.8 (uniform, +27%) and from 18.1 to 27.4
(bottom, +51%). Fourth, welfare improves under both flow and lifetime measures: flow welfare
rises by 5.9% (uniform) and 12.3% (bottom), and lifetime welfare rises by 7.2% and 11.8% respec-
tively. The gains are much larger under bottom entry because the CE traps every entering worker

in the slow Al zone, so the planner’s correction has a disproportionately large effect.!!

HThe flow and lifetime gains differ because the lifetime measure also weights how the planner improves the
prospects of fresh entrants. Under uniform entry the lifetime gain exceeds the flow gain; under bottom entry the
ordering reverses. Appendix C derives an exact decomposition [ VdG = ([udG — Bé [ VdFy))/(1 — B) that pins
the gap to the gain in entry-cohort lifetime value [V dFy, which is large under bottom entry (every entrant is at the
planner’s most aggressive intervention point) and small under uniform entry (some entrants would already reach the
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The planner reduces Al intensity at every skill level relative to the CE under both entries
(panel a). The optimal a*(v!!) is monotone declining in 7, with the strongest correction con-
centrated in the early-mid-career range 7" € [15,22] where labor signals become informative and
skill accumulation dynamics are strongest.

The optimal intervention is not a uniform Al tax but a skill-contingent restriction that is most
binding for workers in the early-mid stage of their careers and relaxes once expertise has accu-
mulated and the data-supply role of the worker is established. We discuss implementation in

Section 7.

Robustness of the benchmark results. Appendix D reports comparative statics with respect to the
four Al-related parameters and the turnover rate §, together with a structural extension allowing
interior learning synergy between labor and Al. Two main results emerge.

First, the bimodal CE skill distribution—a low-skill mass at the Al trap coexisting with a high-
skill mass at &—strengthens as Al becomes more capable or more attractive. Pushing v* up an order
of magnitude makes Al more informationally valuable; workers lean on it more heavily in the CE,
the trap mass grows, and the planner’s welfare gain rises above the benchmark. Lowering the
cost of Al has the same qualitative effect: the cheaper Al is, the more attractive it becomes for low-
skill workers, the more pronounced the bimodality, and the larger the welfare gain. Shortening
the effective career from 30 to 10 years also sharpens the trap, because shorter horizons make
workers internalize less of the future skill cost of Al use. The interior synergy extension—which
allows a moderate mix of labor and Al to build skill faster than either pure mode—leaves the
bimodal CE intact, since the deskilling penalty at high « is enough to sustain the trap even when
low-u collaboration is mildly complementary. Bimodality therefore grows with Al’s informational
quality, with Al’s market penetration, and with the speed of cohort turnover.

In the opposite direction, bimodality dissolves only as the deskilling channel itself disappears—
when c approaches one, Al and labor build skill at identical rates. Even there, the planner’s allo-
cation differs meaningfully from the CE. At c = 0.75, where the bimodal shape has already faded,
the CE skill distribution concentrates near 7 a 25 while the planner shifts mass up to & ~ 30,
with welfare gains in the high single digits. The planner continues to internalize the data-quality

externality regardless of whether Alis a worse teacher: Al-assisted actions remain mostly echoes

expert level under CE).
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Figure 5: Steady-state planner vs. competitive equilibrium. Columns: uniform entry (left), bottom
entry (right). Rows show (a) Al intensity a* (), (b) lifetime value (with green dotted line show-
ing the pre-Al value), (c) skill distribution, and (d) skill accumulation H (") — 4H. The CE (blue
solid) shows the classic three-fixed-point structure: a low-skill trap, an unstable interior point, and
the full-labor steady state at . The planner (red dashed) shifts substantial mass from the low-skill
trap to the high-skill steady state but a residual mass of fully-Al-dependent workers remains.
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of the existing dataset, so restricting them stays valuable even when the skill-trap mechanism is
switched off.

Second, the planner’s welfare gain is consistently large—ranging from the mid single dig-
its to the mid double digits in flow terms across the entire space of perturbations, and never
collapsing toward zero. The robustness has a structural source: the gain reflects two distinct
externalities—the skill-trap channel and the data-quality channel—which respond differently to
parameter changes. The skill-trap channel is largest precisely when Al is most attractive: cheap,
capable, or used heavily. The data-quality channel operates independently of skill formation, so
the planner’s correction stays valuable even when the deskilling channel is switched off. As a
result, improving Al technology raises the gain rather than lowering it: the externality scales with
how much workers rely on Al, so the more advanced Al becomes, the larger the welfare loss from
leaving its data externality unaddressed. The benchmark result that internalizing the data exter-
nality delivers economically meaningful welfare gains is therefore not a knife-edge feature of the

calibration.

6.2 Data Contribution by Skill

Proposition 3 holds the cross-sectional distribution fixed and shows that the integrand of ®* in
equation (24) is decreasing in each worker’s . We now examine how this per-type contribution
varies across skill levels in equilibrium, once a* (") is determined endogenously.

Figure 6 plots the integrand at the steady-state policy and steady-state Q* for the competitive
equilibrium and the planner, alongside the full-labor benchmark yp[y! (7)) / (9 + o} (yH))]? that
each type would contribute under a = 0. The benchmark is increasing in 7/ in the relevant
range: under Assumption 1, 7/(7H) rises with expertise, so a labor action from an experienced
worker carries a higher-precision novel signal than a labor action from a novice. Pure-labor data
production is therefore concentrated at the higher end of the skill distribution.

Three patterns emerge. First, both the CE and planner curves lie below the full-labor bench-
mark across the support—workers in both economies use some Al, which dilutes the per-type

contribution. The vertical gap between actual contribution and benchmark at each ! measures

the data loss caused by the worker’s chosen a*. Second, the planner’s curve sits consistently above
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the CE curve, with the largest gap in the early-mid-career range 7! € [16,22]. By restricting Al in-
tensity at every skill level, the planner lifts the per-type contribution toward the full-labor frontier,
and the lift is largest precisely where the CE concentrates workers at a* ~ 1. Third, the two curves
merge at high expertise: workers near & use almost no Al in either economy, so both contributions
approach the benchmark.

The shape of the CE curve reflects the step structure of a*(¢"). Under uniform entry, the
CE policy jumps sharply from a* = 1 to much lower intensities at the tipping point (7" =~ 19),
producing a corresponding jump in the per-type contribution. The planner’s curve is smoother
because the planner’s policy declines smoothly with expertise, without a hard threshold. Under
bottom entry, the planner-CE gap extends down to the entry skill 7§ = 13.5, since every entrant
arrives within the range where the planner’s correction is binding.

The cross-sectional message is that the data externality is broad-based rather than concen-
trated at any one skill level: the planner does not relocate data production from one type to an-
other but rather lifts the per-type contribution at every type, with the lift concentrated where Al
over-adoption is most severe.!> The dual benefit of restricting Al for early-career workers—the

contemporaneous data-contribution gain documented here, plus the dynamic skill-accumulation

gain documented in Section 6.1—operates through distinct but complementary channels.

6.3 Does improving Al eliminate the externality?

A natural question is whether the data quality externality is a transitional friction that vanishes
as Al technology improves, or a persistent feature. Al performance depends on the interaction
of data, model parameters, and compute—what the scaling laws literature calls the “Al triad”
(Kaplan et al., 2020; Hoffmann et al., 2022). Recent estimates suggest that high-quality human-
generated text data may be exhausted within a few years (Villalobos et al., 2024), and prominent
researchers have argued that data has become the binding constraint on Al progress (Sutskever,
2024). In our model, yp governs one dimension of this triad: how efficiently Al extracts novel in-

formation from workers’ recorded actions. Increasing yp captures advances in data processing—

12Because the labor signal precision 7/ (1) rises with expertise (Assumption 1), the planner’s skill investment ad-
ditionally serves as an investment in future data-generation capacity: a more experienced worker performing labor
contributes a higher-precision novel signal, so building expertise today raises tomorrow’s data-production frontier.
The concavity of empirical wage—experience profiles disciplines how quickly 9/ (y) can grow.
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Figure 6: Per-type contribution to steady-state data quality, the integrand of equation (24) eval-
uated at the steady-state policy a*(7) and steady-state Q*. Left: uniform entry. Right: bottom
entry. Blue solid: CE; red dashed: planner; grey dotted: full-labor benchmark p [y (7H)/ (7" +
9! (vH))]?, each type’s contribution under a = 0. The benchmark rises with 4 because experi-
enced workers extract richer labor signals. Both CE and planner sit below the benchmark; the
planner sits consistently above the CE, with the largest gap in the early-mid-career range. Log
scale on the vertical axis.
better algorithms, larger context windows, more efficient training—while holding fixed the supply
of novel human-generated data. We now ask what happens to the competitive equilibrium and
the planner’s allocation as yp increases.

We vary yp from the baseline value of 390 up to 7,805 (a twenty-fold increase), holding all other

parameters fixed. At each level, we compute the CE and the planner’s optimal steady state under

bottom entry. Table 4 reports the results. As yp rises twenty-fold, data quality in the CE remains

Table 4: Steady-state outcomes as Al data efficiency (yp) improves. Bottom entry.

Competitive equilibrium Planner Flow gain

vp Data quality Alintensity Data quality Alintensity (planner over CE)

390 18.1 0.88 274 0.39 +12.3%
1,171 18.1 0.96 36.1 0.51 +20.9%
1,951 18.1 0.96 41.4 0.55 +25.1%
2,732 18.1 0.98 45.1 0.58 +28.0%
3,902 18.1 0.99 49.7 0.60 +31.0%
5,853 18.1 0.99 53.7 0.65 +34.3%
7,805 18.1 0.99 59.7 0.61 +36.6%
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essentially flat at 17. The bottleneck is not data processing but data supply: nearly all workers
use Al almost exclusively, so their actions are overwhelmingly echoes of the existing dataset. No
amount of processing efficiency can extract novel information that was never generated.

The planner’s welfare gain rises sharply—flow gains range from +12.3% at the baseline to
+36.6% at the highest vp. The economic mechanism is complementarity between data processing
and data generation. <yp enters the data-quality law of motion (25) multiplicatively: a higher
rp does not just improve Al’s baseline performance, it raises the marginal return to each unit
of novel human-generated data, so each labor signal feeds a more powerful pipeline. The CE
breaks this complementarity through the externality—workers do not internalize how their labor
contributes to the shared dataset, so they over-adopt Al and starve the technology of its most
valuable input. The planner restores it by keeping enough workers in labor to feed the pipeline;
as yp grows, the value of this correction grows with it. The pattern echoes the Al scaling laws
literature (Kaplan et al., 2020; Hoffmann et al., 2022): Al performance depends multiplicatively on
the interaction of data, model parameters, and compute, and improving one factor delivers its full
benefit only when the others keep pace. Here the binding “other factor” is the supply of novel
human-generated information.

Quantitatively, the planner maintains substantially lower Al intensity than the CE (which ap-
proaches full Al as yp grows), so the two economies diverge further as technology improves. The
planner’s flow of novel data is amplified by higher p into dramatically higher data quality (Q
rises from 27.4 at yp = 390 to 59.7 at yp = 7,805, while the CE’s Q stays stuck at 18.1). Figure 7

illustrates this at yp = 7,805.

6.4 Dynamic planner

The dynamic planner maximizes Y ;oo BL [ u (7™, a;(7vH); Q;) dG(yH) subject to the distribution
dynamics, the data quality law of motion (25), and the initial condition from the pre-Al economy.
By the same logic as the steady-state problem, the dynamic planner’s allocation can be character-
ized by a time-varying auxiliary Bellman equation with a sequence of shadow prices {fi;} on data
quality (Proposition 5 in Appendix B). The key difference from the steady-state case is that the

discount is Bs(1 — ) rather than (1 — J): since the distribution and data quality evolve over time,
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Figure 7: Planner vs. CE at high data efficiency (yp = 7,805, twenty times the baseline). Left
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substantially higher data quality.
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the planner’s time preference no longer cancels.

The economic tradeoff along the transition is between short-run cost and long-run gain. Re-
ducing Al intensity lowers current output precision for workers who switch from Al to labor: at
date 0, a low-skill worker using Al achieves precision 7y + Qg + 7*, while the same worker using
labor achieves only 7 + «/(yH)—a substantial gap when Qp is large. But this sacrifice preserves
the flow of novel data into the aggregate dataset, maintaining higher data quality and enabling
faster skill accumulation for future cohorts. The shadow price of data quality ji; is highest early
in the transition, when the planner’s correction can reshape the entire future path, and declines
toward a constant as the economy approaches steady state.

Figure 8 shows the transition paths under both entry specifications. Three features stand out.

First, the planner reduces Al intensity at every date and every skill level relative to the CE
(panel b). The reduction is largest along the transition, when the shadow price of data quality is
highest, and stabilizes at the terminal steady state.

Second, the planner preserves data quality well above the CE path (panel c). Under uniform
entry, the planner’s transition data quality settles at approximately 27 versus the CE’s 24; under
bottom entry, 22 versus 18. Mean expertise is correspondingly higher throughout (panel a), be-
cause better data quality sustains faster skill accumulation.'?

The transition welfare gain, computed as the lifetime raw-utility value at t = 0 integrated
over the pre-Al distribution Gy, is +1.5% under uniform entry and +0.3% under bottom entry—
substantially smaller than the steady-state gains in Table 3. The gap reflects the cost of redirection:
switching workers from Al to labor at t = 0 lowers their current output precision, and this cost
must be paid up front, while the data-quality benefits accrue only gradually as new cohorts dis-

place old ones in the stationary distribution. With discount factor Bs(1 — ) ~ 0.928, near-term

losses receive substantial weight relative to far-future gains. The much larger steady-state gains in

13The transition’s long-run data quality is the modified golden rule of the dynamic planner’s problem, not the steady-
state planner’s golden rule reported in Table 3 (Q* = 30 uniform, 27 bottom). The distinction parallels the Ramsey—
Cass—Koopmans growth model. The steady-state planner maximizes the cross-sectional flow integral [ #dG with no
time dimension, so the relevant discount is just the survival factor (1 — §). The dynamic planner, by contrast, must trade
current “consumption”—output precision today—against future “capital’—data quality tomorrow—and discounts at
Bs(1 —J). Just as the Ramsey planner’s capital stock settles strictly below the golden-rule level (because at golden-
rule capital the marginal cost of foregone consumption exceeds the discounted marginal benefit of additional capital),
dynamic data quality settles strictly below the SS planner’s Q*. Data quality plays the role of capital in this analogy,
and forgoing Al use to feed novel signals into the aggregate dataset is the analogue of forgoing current consumption to
invest in physical capital.
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Table 3 (+5.9% and +12.3%) reflect the long-run cohort-weighted distribution after the transition

has played out.

7 Conclusion

This paper has developed a model of Al adoption with endogenous skill formation and a data
quality externality, producing three main findings.

First, the interaction between learning-by-doing and a data quality externality generates an
Al skill trap. In theory, the model can produce multiple steady states with persistent divergence
across workers; in the calibrated economy, it produces a bimodal skill distribution under every
entry distribution we consider, with a labor-investing high-skill group coexisting with a fully Al-
dependent low-skill group. The mechanism is the same in both cases: Al is effectively underpriced
because workers do not bear the cost that their Al use imposes on the quality of the shared dataset.

Second, the constrained planner’s optimal policy shifts mass out of the Al-dependent low-
skill group but does not eliminate the group itself. The planner restricts AI use most for early-
and mid-career workers, where the gap between actual and full-labor data contribution is largest
under the CE and where the dynamic return to skill accumulation is highest; it allows moderate
Al use for high-skill workers; and it concedes the lowest-skill region to full Al, because for those
workers the labor-investment return cannot overcome the accumulated deskilling cost. The plan-
ner’s stationary distribution remains bimodal: substantial mass has been lifted from the trap into
the high-skill group, but a residual low-skill mass persists. Bimodality is therefore a robust fea-
ture of an Al economy with a data externality, not an artifact of decentralization—the externality
governs the size of the Al-dependent low-skill group, not its existence. Internalizing the external-
ity nonetheless delivers double-digit flow welfare gains in the worst-case entry distribution. The
planner does not relocate data production across types but [ifts the per-type contribution at every
skill level, with the lift concentrated where Al over-adoption is most severe.

Third, improving Al technology does not resolve the externality. Even a twenty-fold improve-
ment in data-processing efficiency barely moves the competitive equilibrium, because workers
locked into Al contribute almost no novel information for the improved technology to exploit.

The planner’s instrument—a shadow price on data quality—maps to a corrective tax on Al
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use. The optimal correction is skill-contingent, not uniform: it restricts Al most for novice workers,
both to keep them on a labor-learning trajectory toward higher skill and to extract data contribu-
tions that are otherwise lost to Al delegation. In practice, this resembles an experience-dependent
Al access rule, implementable through training mandates that require minimum levels of hands-
on work for junior workers—a policy that many professional fields already impose through ap-
prenticeship and residency requirements.

Several limitations suggest directions for future work. The model features a single task type;
extending it to heterogeneous occupations would allow analysis of how AI reshapes the com-
position of human capital investment. The model treats Al as improving only through the data
channel, while in practice Al labs also improve models through architecture and compute; the
interaction between endogenous data quality and exogenous technological progress is a natural
extension. Finally, the model assumes a single aggregate dataset, while in practice firms may in-
ternalize some of the externality through proprietary data. Whether market structure mitigates or
exacerbates the externality is an open question.

Our analysis focuses on workers” over-adoption of Al, but firms may over-adopt as well. Hos-
seini Maasoum and Lichtinger (2025) document that Al-adopting firms sharply reduce entry-level
hiring, with junior headcount declining by 7.7% while senior employment is unaffected. This
firm-side response mirrors the worker-side mechanism in our model: just as individual workers
underinvest in skill formation by relying on Al firms underinvest in their talent pipeline by sub-
stituting Al for junior roles. Both channels erode the stock of human expertise, and the interaction

between them is a natural direction for future research.
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A Proofs

A1 Proof of Lemma 1 (Optimal AI Intensity)

When B = 0, the worker maximizes the flow payoff (16) net of the Al cost a p4. Because /(")

does not depend on &, the objective is concave in a: the information gain 1/ [y" + (1 — a)y!(74H) +
a(Q + 7*))? has a strictly negative second derivative in & whenever Q + 9* # 7/(7), and the
)

maintained condition Q +7* > 7!(yH) ensures this. Setting the derivative with respect to a equal
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to zero gives
Q+7" —7'(»")
2
[YH+ (1 —a)y (vH) +a(Q + )]
Solving for the interior solution:

\/Q +7' =7 (") o H ol (4 H)
a*(y;Q) =

=PA- (29)

pPa
Q+7r"—2'(r")
This is interior when 0 < a* < 1. The boundary conditions define the zone thresholds:

(30)

e Full Al («* =1): /" < T(v") = (Q + ), where T(v") = \/(Q+ 7" —7'(v")) /pa.
e Full labor («* = 0): yH > T(yH) — 4/ (4H).

With type-dependent «/(-) these are no longer linear inequalities in 7; they remain well-defined
because the right-hand side of each is continuous and T(y) — (Q + 7*) falls faster than " rises

(under Assumption 1, T'(yH) = —"(4H) /(2T p4) < 0).

Strict monotonicity of a*. Define G (&, vH) = (Q +9* — v (7H)) /D («, vH)? — pa, where D(a, vH) =
Y+ (1 —a)y' (vH) + «(Q + 9*). The interior optimum satisfies G(a*, v") = 0. By the implicit
function theorem, da* /dyH = — (0G/ ovH )/ (0G/0a). The denominator

G 2(Q+1" =7 (v"))?
o D3
under Q + 9* > 9/ (7H). The numerator

9GO 2(Q+" =2 () 1+ (1 —a)r" (7))
ot D2 D3

because both terms are non-positive and the second is strictly negative under Q + 9* > 7! (yH).

<0

<0

Hence da*/dy" < 0. Combined with the boundary thresholds above, this delivers the three

regimes of Lemma 1. The constant-precision benchmark 1 = 4! is the special case Y =0,in

which (30) reduces to the closed-form policy of Cai (2024). O

A.2 Proof of Proposition 1 (Existence of the Skill Trap)

Permanent-policy steady states. The full-Al steady state x solves x = H(x; Q) ata =1, i.e,,
1 2 1
e 1
ko k7K my
and the full-labor steady state & solves the same equation with 4* replaced by . Both fixed points

exist and are unique when 4°(-) and /() are continuous and bounded on the relevant range;
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under Assumption 1 both functions are weakly increasing, and the right-hand side of each fixed-
point equation is monotone in 7y, so a single crossing of the 45° line is guaranteed. Assumption 1

3*(v") < 4! (9M) pointwise) implies x < &.

Price thresholds. For given Q with Q + 9 > 7!(yH) on the relevant range, define
Q4 1k _Q+9" —1(r
pa(Q) = W, =" r®,

(k+Q+77) (R + 7' (%))

The thresholds correspond to the FOC (29) evaluated at « = 1, yH =« (boundary of the full-Al

(31)

zone) and at &« = 0,7" = & (boundary of the full-labor zone), respectively. We need EA(Q) <
pa(Q) for the trap to exist, which requires both the numerator and denominator of p4/p 4 fo
favor p4. The numerator inequality Q + 7" — 9/(x) > Q + 7" — 7! () follows from 9/ (x) < /(&)
(Assumption 1 and x < &). The denominator inequality (x + Q + %)% < (% + ' (%))? is equivalent
to

Q < (kR—x)+7'(%) =",
which holds whenever Q is not too large—an interpretable restriction parallel to the constant-

7' benchmark of Cai (2024). Together these two inequalities give p Q) < pa(Q), so the price

interval is non-empty over a range of Q values.

Stability of the low fixed point. When ps < p4(Q), the myopic policy at 7/ = x satisfies a* = 1.
Since H(x; Q)|a—=1 = k by construction, this is a stable fixed point: in the full-Al zone a* = 1 so
L(v",1) =" +3*(y") and

L'(7") =1+9" (") =1+ (2",
which under Assumption 1is bounded; H' = K- L' < 1 provided the Kalman gain K = p*v7 / (0*y; +

L)? is small enough, which holds whenever p < 1 and 1, is bounded.

Amplification on the collaboration zone. On the interior of the collaboration zone, L(yH,a*) = 4 +
(1 —a) Y (") + a5 (yH) = A7 + 94 (") —a*(1 — ¢)9'(9H) using 4% = cy!. Differentiating

along a* (yH):

L'(y") =1+ [1-a"(1-0)]"(v") = 1= )7'(+") j;‘;'

From the proof of Lemma 1, the implicit-function expression for da* /dyH at the interior optimum

(32)
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is
do* T+ (1 —a) Y (r™) + 9" (v7) /2 T(vH) pal

dyft Q-+ =7 (v")
where T(v") = /(Q + 9% — 7!(7H))/pa. Substituting into (32) and grouping terms,

7

1 HY _ (1_0)71(’YH) H . «\ I/ H
L'(y )_1+Q+7a_71(7H) + Ay a) v (vT), (33)

substitution > 1

profile > 0

where the profile coefficient

(1—0)7r' (™M) [(1 —a*) +1/2T(v")pa)l
Q-+ = (vM)

The substitution component recovers the constant-precision formula of (21) with e (vH),

A, a)=[1—-a*(1-0)] + > 0.

and the profile component is non-negative under Assumption 1, with strict positivity whenever
~!(+) is strictly increasing.
Conclusion. As Q + 7" — +'(y) from above for some 7 in the collaboration zone, the sub-
stitution component of L'(y") diverges to +oo, so H'(y") = K- L'(y") > 1 at such 4. The
collaboration zone is non-empty whenever p, (Q) < pa < pa(Q). By the deskilling assumption
& > x, and by Assumption 1 the threshold map Q + 9 — 9/(7) is continuous in 7!, so for any
Q in the open interval (y/(x) — 7% 7 (k) — 9" + (k — x)) there is a non-empty subinterval of o/
on which H' > 1. Continuity of H together with H' < 1 in the full-AI zone (low fixed point at x)
and H' < 1 for large 7" (Kalman attenuation dominates as a* — 0) implies H crosses the 45° line
from below at least once above x, giving a second stable fixed point. The high fixed point need

not lie in the full-labor zone; it can occur at an interior a* > 0 when the calibrated dataset is rich

enough that experts still find some Al use beneficial. O

A.3 Proof of Proposition 2 (Aggregate Data Quality)

We derive the law of motion for Q; = 1/Var(6;|Q);_1) by computing the Bayesian posterior pre-
cision about 6; after observing the N new records {D: 111 1, then forwarding one period through
the AR(1) dynamics of 0. The argument proceeds in three steps and parallels the derivation in Cai
(2024) for the short-lived-agent benchmark, adapted to our continuous cross-sectional distribution
of expertise.

Step 1: Recorded actions as noisy signals about 6;.
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Worker i takes an action with Al intensity a.. Her posterior mean for 6;, from equation (23), is

i i 7 i i i
at e |:(1 - [Xt)’yﬁ'i-‘rvl(’yfl'i) + “t ’)/F’i+Qf+’)/”:| E(9t|Ht U Qtfl) + (Pz Gt + (’,rt, (34)

“known” component
where
1/~ H,i a
_ () i g
o = (1-a)) R g
l ) Qe
is the innovation weight on the fresh signal, and
1A Hi a
‘ ' v (") Li i r Aji
Ch = (I—w) g~ g & + % g
7+ () 7 Qi+
is the signal-noise residual, with slt’i ~ N(0,1/9 (vF")) and e ~ N(0,1/9") independent across

workers and across the two signal types. Under Assumption 2, the prior component E(6;|H!) is
perfectly recoverable from ();_; (the dataset “knows” what the worker knows from her history),
so the entire “known” bracket in (34) is measurable with respect to (2;_;.

The recorded datum is Di = ai + ¢ ", where the recording noise eP '~ N(0,N/7vp) is inde-
pendent across workers. The scaling N/p is the convention that each individual record uses a
1/ N share of the total data-recording precision yp—so that -yp itself is the precision per unit mass
of workers, a finite object in the continuum limit we take below.

Subtracting the known bracket in (34) from D! and dividing through by ¢; yields a rescaled

observation
A Di — known i e
D} = L —"— —a 4 Sy o (35)
@i Qi Qi
whose conditional variance given ; is the sum of two independent pieces:
n 1 . (v'( H,i))z . (77)? 1 N
Var(D; | 6 :—{1—052 Y\ ) 1-+(x’2.77%}+ = .
( t’ t) 901'2 ( t) (’YF"-&-'Y’(’YF"))Z 71(75#) ( t) (’yf{’l—i-Qf-i-’Y”)z'Y q)iz D
h\/_/
signal-noise variance, O(1) in N recording-noise variance

(36)

Step 2: Aggregation and the N — oo limit.
Let G; denote the cross-sectional distribution of expertise in period f, so that the N recorded
workers are drawn i.i.d. from G; (with policy a;(-)). Group workers by expertise: conditional on
0;, the empirical mean of Di over workers with expertise in a small neighborhood [y, v + d!)

is, by the LLN,
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with conditional variance

1 N
Var (ii;(y7)]6;) = ——————— Var(D! | 6;).
( f(ry )‘ t) Ngt(’)/H)d’)fH ( t‘ t)
Substituting (36), the first (signal-noise) piece contributes
1 O(1)

= : > 0,
Ngi(y®)dy ¢(r")? Noe
because it is O(1/N), while the second (recording-noise) piece contributes

1 N 1

Na(yMdy™ oo™ 9 o(y7)2ge(yH) doy’
independent of N. The two explicit N factors cancel: the averaging (division by Ng;(yH)dH)

exactly offsets the per-record recording variance (N/p), leaving a finite precision per unit mass.

Taking reciprocals, the local precision of X;(7) about 6; in the limit is yp @(7) 2 g;(7H) dy/.
Summing (integrating) over all expertise levels, and using that the X;(¢) are conditionally in-
dependent across non-overlapping neighborhoods, the total precision gain about 6; from period-t

data is

= / (7 HY; Q) 2dGi(7H), (37)

which is equation (24).
Step 3: Forward update.
The dataset’s prior precision about 6; carried over from ();_1 is Q;, by definition. Adding the

new precision ®; gives the period-t posterior precision:
1

Var(6; | Q)

The underlying state follows the AR(1) 6;11 = p6; + #7;1 with Var(s;,1) = 1/, so the one-

- Qt +q)t

period-ahead posterior variance is

1 0? 1
Var (6 Q) = p?Var(0, | Q) + — = )
ar(f1 | ) o Var(8: | ) T Qr+dr 1y

and taking reciprocals gives
1 > 1
= p + —,
Qt+1 Qi +dr 1y
which is equation (25). O
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A.4 Proof of Proposition 3 (Data Corruption)

The integrand of ®; in (24) is the squared combined innovation weight:
7' (") 7’ ’
(=) g rm T4 o a
M2+ Q+y
Since 17 < 4/(yM) and Q + 9 > 4/ (7M) pointwise, we have 7*/ (vH + Q + 1) < ¥ (vH)/ (+H +

'yl('yH )) for all v > 0. Therefore the expression inside the brackets is strictly decreasing in «
at every !, and so is its square. Increasing a for any worker reduces ®;, and Q;1 is strictly

increasing in ®; through (25). O

B Proof of Propositions 4 and 5 (Auxiliary Bellman Equivalence)

B.1 Steady-state planner (Proposition 4)

The planner’s problem. The planner chooses a policy a(¢), a distribution G, and aggregate data

quality Q to maximize

H H\y. H
a(r.?%),(Q/u(’y oy )IQ) dG(y")

subject to two constraints. The first is stationarity of the distribution: for every Borel set B,

G(B) = (1-¢) [ 1{H(3",a(y)) € B}dG(y") + 6 Fo(B). (38)
This says: the mass of workers in B next period (left side) equals the mass of surviving workers
who transition into B under the policy « (first term on the right) plus the mass of new entrants

arriving in B (second term). The second constraint is aggregate data quality consistency:

Q=T(Q ®®GQ), = [9(r"a(r");QdG. (39)

Lagrangian. Attach a multiplier A (') to the stationarity constraint (38) for each skill level

H’ and a scalar multiplier u to the data quality constraint (39). The stationarity constraint (38) is

Y
an equality of two measures: the left side is G and the right side is T(G) = (1 —6) [ 1{H(7y",a) €

-} dG + 0F. Multiplying the constraint T(G) — G = 0 by A and integrating over skill levels:

Ez/udGJr/Ad[T(G)—G]+y[Q—F(Q,®)]. (40)
objective stationarity data quality

We now expand [ Ad[T(G) — G] into three terms:

First term: [ Ad|[T(G)] contains the inflow piece. For each worker at v, the transition map
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H sends her to H(yH, «) with survival probability (1 — &), plus entrants arrive from F, at rate 4.

Integrating A against this inflow measure gives

/Ad[T(G)} —(1-9) /A(H('yH, @) dG(y1) + o / AdFE.
The first part evaluates A at each worker’s transition destination H (', «): this is the social value
of where workers end up. The second part is the social value of entrants.
Second term: — [ AdG = — [ A(yH)dG(yH). This is the social cost of the existing distribution:

each worker at v “uses up” a slot whose shadow value is A (7).

Combining;:
L= /[u('yH, %Q) + (1-8) A(H(v",a)) — A(y") ] dG + 5//\ng +u[Q-T(Q®)]. 1)
flow payoff value of transition cost of slot

Each worker at v contributes three terms to the Lagrangian: her flow payoff u, the social value
of the skill level she transitions to (weighted by the survival probability 1 — §), minus the shadow
cost of the slot she occupies in the stationary distribution. The 6 [ A dF) term captures the value

of entrants and does not depend on the planner’s choices.

First-order condition for a. Differentiating (41) with respect to a(+y!?) at a point where G () > 0:

ou oH E)Tqu_O

!/

The last term arises because changing « at /! changes the data contribution ¢, which changes @,

which affects Q through I'. Defining fi = y - 0T’ /9® and rearranging:
ou 0 oH

- . / o _

This is equation (27) in the main text.

0.

First-order condition for G. Now ask: what happens when we add an infinitesimal mass of
workers at skill 7/? Differentiating (41) with respect to G(y!?), three effects arise.

(a) Direct welfare. The new worker produces flow payoff u(y,a*; Q). This is the direct benefit
of having an additional worker at this skill level.

(b) Distribution composition. The new worker occupies a slot at 7 in the stationary distribution,
which has shadow cost A(y)—this is what it “costs” the planner to place a worker here. With
probability (1 — J) she survives and transitions to H(!!,a*), which has shadow value A(H)—this

is the benefit of the worker reaching a new skill level. The net distribution effectis (1 — 6)A(H) —

A(yH).
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(c) Data quality. The new worker contributes ¢(y",a*; Q) to the aggregate data flow ® =
| ¢ dG. This changes ®, which changes Q through the law of motion Q = I'(Q, ®). The composite

derivative through this chain is

5 ar ar , ) .
sc(m IR ®) — Q)] =155 serm = 1 a5 914 Q) = e(r",2%Q),

where ji = p - 0I'/0P converts the aggregate multiplier y on the Q constraint into a per-worker
data contribution price. Note that this composite derivative fully accounts for the chain G —
® — Q: all further effects of Q on A or on other parts of the Lagrangian are already handled by
the separate FOC for Q (which pins down p).

Setting the sum of effects (a), (b), and (c) to zero:

~— Ng»
@) ®) (

u +(1=38)AH)—AT)+ jig =0.
Q)

Rearranging:

A =u(r™,a;Q) + gy, o Q) + (1 - 8) A(H(7",a)).
This is equation (28) in the main text. In words: the social value of a worker at yH (left side)
equals her total per-period contribution—private output u plus data contribution fig—plus the
discounted social value of the skill she will reach next period, (1 — §)A(H). Combining with the

FOC for « gives the auxiliary Bellman (26). O

B.2 Dynamic planner

Proposition 5 (Dynamic Auxiliary Bellman). The dynamic planner’s problem is equivalent to the fol-

lowing transformed problem. There exists a sequence of shadow prices {fi;}{>, such that the planner’s

optimal policy {af o (o H )} and the associated paths {Q;, G;} satisfy:

(i) At each date t, the policy a;(y™) solves the auxiliary Bellman

A(yT) = max [u(vH, o; Q) + fir (v, Q) + Bs(1 = 6) At+1(H(7H,«X))] (42)

(ii) The distribution evolves according to the distribution dynamics and data quality according to the law

of motion under the policy a(-).

(iii) The shadow prices satisfy the backward recursion

ou
fit—1 = Bs | 5= dGs + iy [

o'  dI' 0P
o £ 3)

30 T ava0
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where the derivatives are evaluated at the date-t allocation.

Lagrangian. The dynamic planner maximizes ) ;> B. [ u dG; subject to date-by-date distribu-

tion dynamics and data quality dynamics. Attach multipliers A; () to the distribution constraint

at each (t,y") and p; to the data quality constraint at each t. By the same logic as the steady-state

case, the FOC for a; () gives
oH

ou . d
Bl s+ Bl 5E + (1= 8) A (H) 5= =0,

where fi; = p; (9T:/0®;)/BE. The BL premultiplies u and i;¢ because these are date-t payoffs
weighted by B! in the objective. The continuation term uses A;;; (the date-(t + 1) multiplier)
without B. because the stationarity constraint at f + 1 is not weighted by Bs.

Rescaling. Define A;(yH) = Ai(yH)/BL. The FOC for G;(y!) gives

F41
Ay =u+p o+ ;t (1=0) Appa(H) = u+fir ¢ + Bs(1 — ) Apra(H).
S

The ratio g1 /Bt = Bs is what introduces the planner’s time discount into the continuation value.

This is the auxiliary Bellman (42). O

C Welfare Arithmetic: Flow vs. Lifetime

The welfare gain from planner intervention reported in Table 3 differs slightly between the flow
measure and the lifetime measure, and the direction of the gap reverses across the two entry
distributions: under uniform entry the lifetime gain (+7.2%) exceeds the flow gain (+5.9%), while
under bottom entry the flow gain (+12.3%) exceeds the lifetime gain (+11.8%). This appendix

derives the exact decomposition and explains the reversal.

Three welfare measures. Throughout the paper we report three measures of welfare in any given

steady state:
(i) cross-sectional flow welfare f udG;
(ii) cross-sectional lifetime welfare f VdG;
(iii) new-entrant lifetime welfare [ V dF.

We now derive an identity that ties these three measures together exactly.
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Derivation of the identity. Let u(y!,a; Q) denote the flow payoff and let V() be the lifetime value
satisfying the Bellman
V(y") = u(r" " (v"); Q%) + B =) V(H(y", & (7). (44)

The factor (1 — ) is the survival probability: with probability ¢ the worker exits and her contin-
uation value is zero (she is replaced by a fresh entrant who is a separate agent). Integrating (44)

over the stationary cross-section G gives

/VdG - /udG v [3(1—5)/V(H(7H))dG. (45)
Let TG denote the push-forward of G under H—the distribution of next-period skill among sur-

viving workers. Stationarity of the cross-section requires
G=(1-90)T.G + ¢K, (46)

since a fraction 1 — § of next-period workers are survivors transitioned by H and a fraction ¢ are

fresh entrants. Solving (46) for T.G and integrating V' against it,

B JVdG — 6 [VdF
/ VAT.G = — .
Substituting into (45) and collecting terms,
dG — Bo | VdF
/VdG _ Ju 1_5/3] 0, 47)

This pins the three welfare measures to each other: any two determine the third, and the discount
factor that converts flow to lifetime is 1/(1 — ), not 1/[1 — (1 — §)]. The entry term BJ [ V dF
enters because workers die at rate 6 and are replaced by entrants drawn from Fy; the cross-sectional

lifetime measure incorporates this replacement, while the entrant value f V dFy does not.

Limiting case: no turnover. When 6 = 0 workers are infinitely lived. The entry term vanishes from

(47), leaving

_ JudG
Jvdc = 5

Cross-sectional lifetime welfare is then a pure rescaling of cross-sectional flow welfare. Any per-
centage change in [ 1dG translates one-for-one into the same percentage change in [V dG, so
flow gain = lifetime gain. The entire flow-vs-lifetime gap reported in this paper is therefore an entry-
cohort phenomenon: it arises because new workers continually enter at Fy, and a planner who im-
proves the entrant’s lifetime value [ V dF pulls the cross-sectional lifetime welfare [V dG along

with it through the —B6 [ V dF, term in (47).
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Decomposing the welfare gain. Write uc, We, Ec for the CE values of [udG, [ VdG, [V dE, and
up, Wp, Ep for the corresponding planner values. The flow gain is Au/|uc| with Au = up — uc.

Substituting (47) into the lifetime gain gives
AW  Au — BSAE
[Wel luc — S Ecl|’

where AE = Ep — Ec. The lifetime gain has two adjustments relative to the flow gain. The nu-

(48)

merator subtracts fJ AE: a planner who improves the lifetime value of fresh entrants by AE > 0
shrinks the lifetime numerator. The denominator subtracts 6 Ec: when Ec < 0 (entrants face a

negative lifetime value under the CE), the lifetime denominator |uc — Bé Ec| is smaller than |uc]|.

Why the gap reverses across entry distributions. Table 5 reports the components of (48) at the cali-

brated economy.

Table 5: Decomposition of flow and lifetime welfare gains.

Uniform entry Bottom entry

Uc = fudGCE —0.0314 —0.0363
Ec = f Ve dFy —0.4349 —0.5168
Ep = [ Viotan dFp —0.4166 —0.4500
Flow gain Au/ |uc| +5.85% +12.31%
Entry-cohort gain AE/ |Ec| +4.27% +12.93%
Lifetime gain (48) +7.16% +11.81%

The crucial row is entry-cohort gain—how much the planner improves the lifetime value of a
fresh entrant. Under bottom entry, every entrant arrives at v} = 13.5 where the planner’s correc-
tion operates with maximum force; the planner pulls each entrant out of the trap she would oth-
erwise be locked into, raising entrant lifetime value by +12.9%, slightly above the cross-sectional
flow gain of +12.3%. The drag BJ AE in the numerator of (48) therefore exceeds the proportional
shrinkage of the denominator, and the lifetime gain falls below the flow gain. Under uniform
entry, fresh entrants are spread across [’)/51 , k], including some who would already reach the ex-
pert level even under the CE; the planner’s improvement in entrant lifetime value is only +4.3%,

well below the cross-sectional flow gain of 4-5.9%. The numerator drag is small, the denominator
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shrinkage dominates, and the lifetime gain rises above the flow gain.

The gap reversal is therefore driven by which channel the planner reaches more strongly:
the cross-sectional flow welfare (the uniform-entry case, where the planner reshapes the station-
ary distribution but doesn’t dramatically affect entrants on average) or the entry-cohort lifetime
value (the bottom-entry case, where every entrant is at the planner’s most aggressive intervention
point). Identity (47) holds to four decimal places at both the CE and the planner allocation, under

both entry distributions.

D Robustness

D.1 Skill trap across Al prices

We report full CE-and-planner outcomes as the Al price varies around the benchmark p, = 0.007
to {0.010,0.015,0.020}, holding all other parameters at their baseline values and re-pinning yp so

that Qpre = & + /(%) is unchanged. Table 6 reports the results; Figure 9 shows the full allocations.

Table 6: Robustness: varying the Al price p

Uniform entry Bottom entry

pa =0.007 0.010 0.015 0020 ps=0.007 0.010 0.015 0.020

Competitive equilibrium

Data quality Qcg 22.6 26.8 31.6 32.9 18.1 23.0 28.0 29.9
Mean Al intensity 0.73 0.47 0.12 0.05 0.88 0.64 0.30 0.17
Mean skill 20.3 23.0 26.6 27.4 16.8 19.2 22.5 23.8
Planner

Data quality Qplan 28.8 31.3 32.7 33.2 27.4 28.7 30.1 30.9
Mean Al intensity 0.40 0.15 0.07 0.04 0.39 0.27 0.17 0.11
Flow gain +5.9% +3.1% +0.4% +0.1% +12.3% +58% +1.5% +0.6%
Lifetime gain +7.2% +4.0% +0.8% +0.3% +11.8% +6.6% +2.1% +1.0%
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The baseline column (p4 = 0.007) reproduces the headline planner-vs-CE comparison from
Section 6; the higher columns trace what happens as the Al price rises above its calibrated value.
A higher price endogenously pushes workers out of full delegation: acr falls from 0.73 at the base-
line to 0.05 at p4 = 0.020 under uniform entry, and from 0.88 to 0.17 under bottom entry. CE data
quality recovers in step, and the planner’s optimal subsidy ji* shrinks to internalize the smaller
residual externality. Flow welfare gains decline monotonically with the price—from +5.9% to
+0.1% under uniform entry, and from +12.3% to +0.6% under bottom entry—confirming that the
externality is largest precisely where Al is cheapest, the same region in which the skill trap is most
binding. At a high enough price, p4 alone implements something close to the planner’s allocation;

at the calibrated price, it does not.
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Uniform entry Bottom entry
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Figure 9: Planner allocations across the Al price p4 € {0.007,0.010,0.015,0.020}. Rows: Al inten-
sity a*(y!); stationary skill density; expected one-step skill change H(y) — 7F; lifetime value
V(yM). Columns: uniform entry (left), bottom entry (right). Black solid curves show the CE allo-
cation at the baseline (p4 = 0.007); coloured curves show the planner’s policy at each value of p4

(light to dark = 0.007,0.010, 0.015, 0.020).
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D.2 Varying the Al/labor learning ratio (c)

The deskilling assumption 4°(y") < 4/ (y!) (equivalently ¢ < 1) is central to the skill-trap mech-
anism. We vary the ratio ¢ = 4°(yH)/+'(7") from the benchmark 0.25 up to 1.00, including the
limiting case ¢ = 1 in which AI delivers exactly the same learning as labor and the deskilling
assumption fails outright. We hold all other parameters at their baseline values and re-pin p to

keep Qpre fixed. Table 7 reports the results.

Table 7: Robustness: varying the Al/labor learning ratio ¢

Uniform entry Bottom entry

c=025 050 0.75 1.00 c=025 050 0.75 1.00

Competitive equilibrium

Data quality Qck 22.6 20.4 18.5 17.6 18.1 18.9 17.9 17.2
Mean Al intensity ~ 0.73 0.79 0.71 0.75 0.88 0.84 0.79 0.80
Mean skill 20.3 222 253 27.9 16.8 19.7 227 254
Planner

Data quality Qpan~ 28.8 28.2 27.1 25.8 27.4 27.0 26.7 26.0
Mean Al intensity ~ 0.40 0.41 0.43 0.46 0.39 0.46 0.50 0.52
Flow gain +59%  +6.9% +7.0% +64% +123% +9.0% +8.8% +8.0%
Lifetime gain +72%  +6.8% +51% +44% +11.8% +6.8% +52% +4.0%

Under bottom entry the flow welfare gain declines as c rises (from +12.3% at the benchmark
to +8.0% at ¢ = 1): faster Al-assisted learning shrinks the deskilling penalty for low-skill workers
and so the part of the externality attributable to skill loss diminishes. Strikingly, however, even
at ¢ = 1—where the deskilling assumption fails completely and labor and Al build skill at iden-
tical rates—the planner still produces single-digit-percent welfare gains. This is because c does
not enter ®: the data-corruption channel survives independently of the learning channel. The
planner’s lower mean Al intensity (0.46-0.52) preserves a higher flow of novel data even when no

skill-acquisition argument applies. The skill trap, by contrast, does dissolve at ¢ = 1 in the sense

70



that mean skill becomes equal under CE and planner (27.9 uniform, 25.4 bottom in both columns);
the welfare gain is therefore entirely a data-quality gain, not a skill-distribution gain. This isolates

the role of the data externality from the role of deskilling.
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D.3 Varying the turnover rate ()

The benchmark § = 1/30 ~ 0.033 matches the 30-year cognitive career horizon implied by La-

gakos et al. (2018). We test sensitivity at 6 € {1/30,1/20,1/15,1/10}, i.e., effective career lengths

from 30 down to 10 years. yp is re-pinned and the discount factor (1 — ¢) updates accordingly.

Table 8: Robustness: varying the turnover rate &

Uniform entry

Bottom entry

6=1/30 1/20 1/15 1/10 6=1/30 1/20 1/15 1/10
Competitive equilibrium
Data quality Qcg 22.6 21.9 21.3 20.3 18.1 16.5 15.2 13.5
Mean Al intensity 0.73 0.75 0.77 0.80 0.88 0.92 0.96 1.00
Mean skill 20.3 20.2 20.2 20.2 16.8 16.0 15.4 14.7
Planner
Data quality Qplan 28.8 28.4 27.6 26.7 274 25.7 243 22.2
Mean Al intensity 0.40 0.41 0.46 0.50 0.39 0.45 0.49 0.55
Flow gain +59%  +59% +6.0% +64%  +12.3% +131% +13.6% +13.7%
Lifetime gain +72%  +7.6% +77% +82%  +11.8% +12.8% +13.4% +13.4%

Shorter careers (higher é) push CE workers toward fuller Al delegation under bottom entry—

xcE rises from 0.88 to 1.00 as § rises from 1/30 to 1/10—because workers internalize less of the

future return to expertise. CE data quality falls in step. The planner’s welfare gain is robust across

the entire career-length range: it stays in the +6% band under uniform entry and rises modestly

from +12.3% to +13.7% under bottom entry. The data externality is a pricing failure that does

not depend on the agent’s horizon—workers at any career length take aggregate Q as given. The

bimodal stationary distribution and the skill trap survive at every value of ¢ tested.
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Figure 11: Planner allocations across ¢ € {1/30,1/20,1/15,1/10} (30-, 20-, 15-, 10-year careers).
Same panel layout as Figure 9; black solid curves show the CE at the baseline (6 = 1/30); coloured

curves show the planner’s policy at each value of § (light to dark).
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D.4 Varying the Al signal precision (y*)

7" governs how much novel information Al generates. The benchmark 7% = 0.08 is small rela-
tive to the entry-level labor signal 7/(7f) = 1.0 (and even smaller relative to 7/(y") at higher
expertise, since 7! rises with ), so Al produces little fresh signal per period. We vary 7" €
{0.08,0.20,0.50,1.00}, ending at v* = 1.0 where Al’s fresh signal precision equals the entry-level
labor signal precision—a regime that contradicts the model collapse evidence but provides a san-
ity check on whether the externality survives even when Al is informationally as rich as a novice’s

labor.

Table 9: Robustness: varying the Al signal precision *

Uniform entry Bottom entry

7" =0.08 0.20 0.50 1.00 7" = 0.08 0.20 0.50 1.00

Competitive equilibrium

Data quality Qcg 22.6 22.5 223 22.0 18.1 18.0 17.7 17.2
Mean Al intensity 0.73 0.73 0.75 0.78 0.88 0.89 0.91 0.94
Mean skill 20.3 20.3 20.1 19.8 16.8 16.7 16.5 16.1
Planner

Data quality Qplan 28.8 29.1 28.8 29.0 27.4 27.3 27.3 27.2
Mean Al intensity 0.40 0.38 0.40 0.40 0.39 0.39 0.40 0.42
Flow gain +5.9% +59% +6.1% +6.3% +12.3%  +12.5% +13.0% +13.8%
Lifetime gain +7.2% +72% +74% +7.7% +11.8%  +12.0% +124% +13.2%

The welfare gains do not shrink with *—and in fact rise modestly across a 12-fold variation,
from +5.9% to +6.3% under uniform entry and from +12.3% to +13.8% under bottom entry. Two
channels explain why 7“ is not the parameter that drives the externality. First, AI's contribution
to ®; carries innovation weight v*/ (7" + Q + 7*), which remains small whenever Q is large;
with Q ~ 22-29 in the calibration, even 4* = 1.0 leaves the Al weight an order of magnitude

below the labor weight 4/ (1) /(v + 4! (y!)). The dataset’s existing precision dilutes any fresh
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Al signal, so labor remains substantially more informative per action across the entire range of 7*
considered. Second, 7" governs Al'’s forecast precision but not its learning rate: skill accumulation
in (10) depends on §°(7!), the rate at which Al-assisted work builds expertise, while 7 is the
precision of the contemporaneous Al signal entering the worker’s action. Raising 7 thus makes
Al a better forecaster but no better a teacher; the gap 7/ (1) — 47(7!?) that drives skill loss when
« rises is unchanged. If anything, higher 4* worsens the CE outcome—workers find Al more
attractive (mean « rises from 0.73 to 0.78 under uniform entry, 0.88 to 0.94 under bottom entry), Q
falls, and mean skill falls. The planner allocation barely moves, so the gap widens. The externality
is therefore robust to—and even slightly amplified by—improvements in raw Al precision; what
would shrink the planner’s correction is a higher 4* (Al as a teacher), not a higher " (Al as a

forecaster). The bimodal stationary distribution and the skill trap survive at every value tested.
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Figure 12: Planner allocations across ¢* € {0.08,0.20,0.50,1.00}. Same panel layout as Figure 9;
black solid curves show the CE at the baseline (y* = 0.08); coloured curves show the planner’s

policy at each value of v* (light to dark).
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D.5 Learning Synergy

The model treats the learning input as linear in Al intensity, £(a; v7) = (1 — a)7!(yH) + ag7(71).
This is the simplest specification consistent with the deskilling premise of the paper—under (11),

v/

% (vH) = cv!(yM) with ¢ < 1, so pure labor produces stronger learning signals than pure Al
use—but it imposes monotonicity on the interior of « € (0,1), ruling out the possibility that a
moderate mix of labor and Al accelerates learning beyond either endpoint.

The empirical case for an interior synergy is weak. The literature on Al’s effect on independent
skill acquisition is dominated by negative findings: AI access impairs learning in educational
settings (Bastani et al., 2025; Jost et al., 2024; Barcaui, 2025), slows skill acquisition among software
developers (Shen and Tamkin, 2026), and reduces diagnostic performance among physicians who
rely on Al (Budzyn et al., 2025). The most rigorous recent productivity study of experienced
Al users finds delays rather than gains (METR, 2025). A smaller “scaffolded use” literature in
education suggests that guided Al use can complement learning, but no clean external moment is
available to discipline a magnitude. We therefore treat learning synergy as a robustness parameter
and study how its strength affects the externality result, rather than calibrating it to a target.

We augment the learning input with an asymmetric concavity term:
Uay™") = A=)y (r") +a 7" (77) + Aa(1 - ) (49)
The synergy term A a(1 — a)? vanishes at both endpoints—so £(0; ") = 4/ (4H) and £(1;74H) =
4°(vH) are preserved—and is asymmetric in a: it peaks at # = 1/3 rather than at « = 1/2 and
dies quickly as a approaches one. This shape is meant to capture an empirically natural feature:
a worker who delegates almost everything to Al gets “stuck”—there is no synergy bonus at very
high a—while moderate use of Al can deliver a learning bonus when combined with substantial
labor effort. A symmetric form Aa(1 — a) would predict that even at & = 0.99 the worker still
receives a non-trivial bonus, which is harder to defend.
The data-innovation weight ¢ keeps its standard form from (24); we abstract from a parallel
synergy term in ¢ because such a term would mechanically magnify the externality—it would
enter only through ®; and would therefore leave the CE policy unchanged while the planner

internalizes it—without offering any new economic insight.

We solve the model at A € {0,0.5,1.0,2.0} for both entry distributions; A = 0 recovers the

78



baseline of Table 3. The headline value A = 2.0 produces an interior learning peak at a* ~ 0.18 at
the entry expertise v!1 = £, with a ~ 11% gain over pure labor—an aggressive but illustrative
value chosen to make the synergy mechanism visible against the dominant deskilling channel.
A = 0.5 is essentially below the threshold for an interior peak (A < 1 implies no interior maximum
at yH = 751 given ¢ = 0.25), and A = 1.0 produces a small interior peak (~ 0.8%) close to the
corner. Figure 13 shows /() at each A. Because ' (yH) rises with 4H while the synergy term does
not scale with 7/, synergy is relatively largest at the entry expertise and fades toward the upper
end of the skill range, consistent with the scaffolded-use intuition that novices are the most likely

beneficiaries of guided Al

Learning input across synergy intensity (interior peaks marked)

At entry expertise: y" =13.5, y'=1.00 At expert expertise: y" =29.6, y' = 4.85
5.0
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Figure 13: Learning input £(a; ) across learning-synergy intensity A under the asymmetric
form (49). Left: entry expertise 7 = 'ygl = 13.5, where 'yl('y{,{ ) = 1.00. Interior peaks (marked)
emerge for A 2 1, located at low « (roughly 1/3 at A — o0) and dying as « — 1. Right: expert
expertise 71 = & = 29.6, where 7! (%) = 4.85. Synergy is small relative to 7/ here, so curves are
nearly linear. The endpoint values £(0; y7) = 4/ (y) and £(1;4") = 4*(vH) = c+'(yH) are com-
mon across A by construction.

Three observations stand out from Table 10. First, the externality survives across the entire
range of A: planner intervention delivers a positive welfare gain in every case, ranging from +4.9%
(uniform, A = 2) to +12.4% (bottom, A = 0). Second, the bottom-entry gain declines monotoni-
cally from +12.4% at A = 0 to +8.6% at A = 2 as the synergy bonus partially aligns the worker’s

private incentive with the planner’s: the worker now has an internal reason to dial back from full

Al even without intervention, so the externality has less to fix. The decline is much smaller than
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Table 10: Robustness: learning synergy under cognitive calibration.

Entry A Qce Qplan  &CE  &plan Flow gain

00 226 291 0.73 0.38 +5.8%
05 227 290 071 037 +5.8%

Uniform ' o6 294 066 032 +5.7%
20 230 290 058 024  +49%
00 180 274 088 039  +12.4%
05 186 275 086 038  +11.5%
Bottom

1.0 191 277 079 035 +10.4%
20 203 280 075 032 +8.6%

under a symmetric synergy form because A «(1 — a)? vanishes quickly as a approaches one, leav-
ing workers stuck near full Al use largely intact even at A = 2 (mean CE & drops only from 0.88 to
0.75). Third, the uniform-entry gain is essentially flat (between +4.9% and +5.8%); workers there
are spread across the skill distribution and most never approach full Al in the first place, so the
synergy term’s high-a death has little bite.

Figure 14 replicates, for the headline case A = 2.0, the four-panel layout of Figure 5 from
the baseline planner analysis. The panels show that even at this aggressive synergy intensity the
qualitative findings of Sections 6.1-6.4 survive. The planner still cuts Al intensity sharply for
early- and mid-career workers (panel a), still raises lifetime value above the CE most strongly
in the low-skill range (panel b), still produces a stationary distribution with a residual low-skill
mass under both entry distributions (panel c), and still generates positive skill accumulation over
a wider range of expertise than the CE (panel d). The synergy parameter changes the magnitudes

but not the shape of any of these curves.

E Exact Bayesian Treatment of the Data Externality

Proposition 2 and the ®; formula used throughout the main text rely on Assumption 2, under
which the dataset codifies only the fresh-signal component of each worker’s action. This ap-
pendix relaxes Assumption 2 and derives the data-quality law of motion under an exact multi-
variate Bayesian filter that tracks the joint evolution of the underlying state 6; and the age-indexed

cohort priors z;(7). We then recompute the competitive equilibrium and the constrained plan-
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Figure 14: Steady-state planner vs. competitive equilibrium at the headline learning-synergy value
A = 2.0 (peak gain over pure labor: ~ 11% at entry expertise). Layout exactly mirrors Figure 5:
rows show (a) Al intensity, (b) lifetime value (all evaluated at the worker’s discount B(1 — §),
with the planner’s policy fixed at its optimal a*(H)), (c) skill density, and (d) skill accumulation;
columns are uniform entry (left) and bottom entry (right). Compared to the no-synergy baseline
of Figure 5, the synergy weakens but does not eliminate the planner’s correction.
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ner’s problem under this exact law of motion for both entry distributions, holding every structural
parameter—including the recording precision yp—fixed at its main-text value. The main-text
findings—the skill trap, the planner’s monotone-declining a* ("), and large welfare gains from
intervention—all survive. At the baseline calibration, the exact Bayesian model produces larger
flow welfare gains from planner intervention than the signal-only model (4-22.8% vs. +-12.3% un-
der bottom entry), because the joint-filtering channel raises data quality in both the CE and the
planner allocation, with a slightly larger lift at the planner’s labor-heavy mixture. As yp grows,
the signal-only gain rises faster than the exact Bayesian gain (signal-only reaches +36.6% at twenty
times the baseline while exact Bayesian reaches +27.7%), because the joint-filtering channel lets
the exact Bayesian CE keep pace with the planner as recording precision improves. Section E.5
develops this contrast in economic terms. Under either modeling choice, planner intervention

delivers double-digit welfare gains at every value of yp considered, and the qualitative policy

prescription is robust.

E.1 Setup: what the state tracks and why

The exact Bayesian filter tracks two kinds of objects: the underlying state 6; (which is what the
dataset ultimately wants to estimate) and, for each age 7, a scalar summarizing the cohort-wide
accumulated belief that workers of that age bring into period t. The second object is the key non-
trivial addition relative to the signal-only reduced form, and we begin by saying precisely what it
is and why it suffices.

Consider a worker i of age T at time t. Her private history #! consists of the sequence of
signals she has drawn over her T periods alive. Her posterior mean about 6; is ui = E(6; | H1),
and the posterior has precision 7 (7) (deterministic given the policy profile, because the H-map
recursion depends only on age under bottom entry; with uniform entry we add an entry-bin index
and everything below goes through). Following the main text, the action she takes at time ¢ is the

convex combination

ah = (1-a() f + () Y,
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and substituting the labor and Al forecast decompositions

Li _ A (7) iy Y (vH (1)) S
! YA+ (YH() T AE () + 4 (yH ()
A YH(7) i Qs 0 v’ A
(T +Qt+’Y”ﬂt+’YH(T)+Qt+’Y”Vt +7H(T)+Qt+’)/”st

)
(where u$* = E(6; | Qt 1) is the dataset’s own current estimate of 6;) and collecting terms, worker

i’s action can be written as

ap = Mw Q) uy + k(TQ) p + wi(t)sy + walt; Q) st (50)
where the four coefficients A, k, wy, w 4 are functions of the deterministic cohort profile (v (7), a(7))
and the scalar Qy, and are identical across all workers in the same cohort. The individual signals
s and s/ are i.i.d. across i conditional on 6;, with variances 1/9'(4"(7)) and 1/7".
The recorded data point is Di = ai + ¢, where & is measurement noise of variance N/vp

per record (so that the per-unit-mass recording precision is yp). The dataset observes {D’ Y, in

period t, along with its own history ();_1.

We now take the large-N limit along the cross-section at each age. Let Ny(t) = mass(7) N
denote the number of workers of age T (with mass(7) = §(1 — 6)” under bottom entry). Form the

cohort average

Di(t) = Di. (51)
(z) Nt( zeér

Substituting (50) and the definition of D;, we have

Di(t) = MuQ) () + x(t; Q) i + wi(1)5 (1) + wa(m Q) s (1) + &(1),  (52)
where i;(T) = ﬁ Yice #i is the cohort-average prior mean, 5/(7) and 5{(7) are the cohort-
averaged fresh signals, and &;(7) is the cohort-averaged recording noise.

The cohort-averaged fresh signals 3/(7) and 5/ () each have conditional mean 6; and condi-
tional variance 1/ (7' (7" (7)) N¢(7)) and 1/ (7*N; (7)) respectively, both of order 1/N. As N — oo,
their variance goes to zero, so conditional on 6; each fresh-signal average converges almost surely
to 0; (law of large numbers). The cohort-averaged recording noise ¢;(7) has conditional variance
1/(Ni(t) - (N/yp)~!-N) = 1/(mass(t) vp), which does not vanish in the limit—recording pre-
cision scales with N in such a way that the per-unit-mass recording noise is O(1). This is the
asymmetry that keeps the observation informative but not degenerate as N — co.

Plugging 5/(7),5/ () — 6; into (52) and collecting terms on 6;, fi;(7), and u{}, we obtain the
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large-N limit of the cohort-averaged observation:

Di(t) = B(T; Q1) 0 + c(1;Q0) fir(T) + x(T; Q1) pf + (), (53)
where the consolidated coefficients are
A (1) +9°
,B(T, Qt) - (1 - ‘X(T)) +“(T) ,YH(T) + Qt +’)’”’ (54)
O = (1 (1) (7)
R R ICee ) IR R R 9
)

)
k(T Q1) = a(t) Qr/ (YH (1) + Qi +9*), and &(1) ~ N (0, 1/(mass( )

able with respect to ();_1, the dataset can subtract the x 1! term before updating, and effectively

T)yp)). Since uf? is measur-

observes
yi(1) = Di(1) —x(T; Qu) pui® = B(T; Qr) 0+ c(T; Q1) i (T) + &1 (7). (56)

This last equation makes clear what the dataset needs to track. The observation y;(7) is linear
in two unknowns: the current fundamental state 6; and the cohort-average prior mean fi; (7). If the
dataset knew fi;(7), then y;(7) would be an unbiased scalar signal about 6; with known coefficient
B(7) and recording-noise variance, exactly as in the signal-only reduced form. But the dataset does
not know fi;(T)—it is itself a function of the cohort’s history of signals, which depend on the past
realizations of 6;. The dataset’s inference problem is therefore a joint filtering problem: estimate 6;
and the cohort-average prior ji;(7) simultaneously, exploiting the fact that both are driven by the
same sequence of past fundamental shocks.

It is enough to track the cohort-average fi;(T) rather than individual workers’ ui: in the large-N
limit, the worker-specific deviations ! — ji;(T) average to zero in the cohort mean (52) and carry
no information about 6; that is not already summarized by fi;(7). There is, however, one cohort-

average prior per age group, so the dataset must track one scalar ji;(7) foreacht =0,1,...,T.
Define z;(7) = fji;(7). The joint state that the dataset’s filter needs is therefore

xi = (61, 2(0), (1), ..., z(T))", (57)

one dimension for the underlying fundamental plus one dimension for each age cohort’s prior

mean. Crucially, the skill profile v (7) and policy profile a(T) are not in the state: they are deter-

ministic functions of the steady-state cohort dynamics and are treated as known coefficients inside

B(T), ¢(T), and the smoother transition. Under bottom entry there is one cohort per age, so the

state has dimension T + 2; under uniform entry with N, entry bins there is one cohort per (age,
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entry-bin), so the state has dimension 1+ (T + 1) N,. Within each case the steady-state policy
function a(-) endogenously pins down ¢ (7) (via the H-map) and the coefficients () and c(t)
(via (54)—(55)), so once we have a candidate («, Q) we can write down the full state-space system

explicitly.

The signal-only reduced form of the main text amounts to dropping the z;(7) dimensions
entirely: it sets ¢(7) = 0 by assumption, so the observation (56) becomes a pure scalar signal about
6; and the cohort prior ji;(7) disappears from the filter. The signal-only ®; formula in Proposition 2
then follows directly from a scalar Kalman update. The exact Bayesian treatment in this appendix
keeps the z;(7) dimensions and runs the full joint filter, letting the dataset extract information
about 0; jointly from the fresh-signal component and from the covariation of the cohort-average

actions with 6; that operates through fi; (7).

It remains to specify the transition dynamics of z;(t) = ji;(7), which will give us the F matrix
in the Kalman filter. The cohort-average prior at age 7 and time t + 1 is the posterior that the
age-(T — 1) cohort held at time t after observing their own fresh signals, propagated one period
forward by the AR(1) for 6. Taking the cross-section of workers currently at age T and averaging
their Kalman posterior updates, we obtain

zepm(t+1) = pK(7) 0 + p (1 —K(7)) ze(7), (58)
where K(7) = L(t)/(7y" (1) + L(7)) is the Kalman gain for the cohort’s own posterior update
(with L(1) = (1 —a(7))7 (77 (1)) + (1) 5 (7H (7)) the effective signal precision they receive each
period). Equation (58) is exact in the large-N limit: each worker’s individual posterior satisfies
this recursion conditional on her past signals, and averaging over the cohort makes the worker-
specific noise vanish (again by the law of large numbers, just as for the cohort-averaged fresh
signals above). The age-0 cohort at time t + 1 is a fresh entrant with no private signals yet, so
z1+1(0) is a constant determined by the entry prior; without loss of generality we take z;11(0) = 0.

The transition (58) is linear in 6; and z;(7), with deterministic coefficients. Combined with the
AR(1) dynamics for 6; itself (0;1 = p6; + 1¢41, Var(n;41) = 1/7;), this gives a complete linear
Gaussian state-space system for x;. The F matrix displayed below in Section E.2 encodes (58)
row by row: the 6-row has a single entry p on the diagonal; the z;(0)-row is identically zero

(fresh entrants have no state to carry forward); the z;(7 4 1)-row has pK(7) in the #-column and
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p(1 —K(7)) in the z;(T)-column. This completes the specification of the state and its dynamics.

E.2 State-space system and the exact ®;

We collect the pieces from the previous subsection into a standard linear Gaussian state-space
system and characterize the steady-state ®; as the solution of a Kalman filter discrete algebraic
Riccati equation (DARE). The state is (57), of dimension T + 2 under bottom entry (one cohort per

age) and 1+ (T + 1)N, under uniform entry (one cohort per age—entry-bin). Its dynamics are

X1 = Fxi + Wi, Wi ~ N(0,Qu), (59)
with transition matrix
0 0 0 0
0 0 0 0
P pK(0)  p(1—K(0)) 0 0 ,
pK(1) 0 p(1—K(1)) 0
pK(T — 1) 0 0 p(1—K(t-1))

The smoother gain is K(t) = L(7) /(v (t) + L(7)) with L(t) = (1 —a(7))7 (7" (7)) + (7)) 5 (7" (7)),
following from the cohort-average posterior update derived in (58). The process-noise covariance
Qu is zero everywhere except [Qu]1,1 = 1/, reflecting the fact that only 6; is perturbed by an
exogenous shock (the cohort-average priors z¢(T) are deterministic functions of past 6’s in the
large-N limit).

Each period the dataset observes the vector of cohort-averaged actions y; (one entry per co-

hort), which by (56) takes the linear form

yi = Hx; + vy, vi ~N(0,R),
where row T of H has B(7; Q;) from (54) in the 6-column and ¢(7; Q) from (55) in the z(7)-
column (zeros elsewhere), and R is diagonal with entries R;; = 1/(mass(7) yp)—the per-cohort

recording-noise variance derived above. The next proposition characterizes the steady-state data

quality and precision gain as the stabilizing solution of a DARE on this system.

Proposition 6 (Exact Bayesian ®;). Fix a stationary policy a ("), let (F, H, Qu, R) be the state-space

matrices defined above (evaluated at the induced cohort profile), and suppose the pair (F, H) is detectable
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and (F,QL/?) is stabilizable. Then the filtering Riccati equation
St = F [z* — >*HT (H=*HT 4 R) _1HZ*} FT + Qu (60)

admits a unique positive semi-definite stabilizing solution ¥*. The steady-state data quality and precision

gain are
Q= ) o= ! o (61)
2 ~ [Z* —X*HT(HZ*HT + R)"'HZ*] |, ’
and they satisfy the Kalman forward recursion
1 0? 1
= = 5 4 = 62

In the special case c(T) = 0 (signal-only reduced form), equations (61) reduce to ®* = vp [ ¢(vH,a(y1); Q*)2dG (1),

recovering Proposition 2.

Proof. Under the stated detectability and stabilizability conditions, standard Kalman-filter Riccati
theory guarantees existence and uniqueness of a stabilizing >* for (60). The marginal posterior
variance of 6; given ();_ is the (1,1) entry of £*, hence Q* = 1/[X*];1. Applying the Kalman
update formula yields the posterior covariance ©* — 2*HT (HZ*HT + R) "' HZ*, whose (1,1) entry
equals 1/(Q* + ®*) by definition, giving the expression for ®*. For the forward recursion (62),
note that the first row of F is (p,0,...,0) and the (1,1) entry of Q, is 1/,; therefore the (1,1)

entry of the Riccati equation reads
1
7}7;
which, after substituting Q* = 1/[£%]1 1 and Q" + ®* = 1/[E]]1,1, is exactly (62). Finally, setting

[E g = p*[E* —~Z*H(HE*H' +R) 'HE'] | | +

c(T) = 0 removes the z;(T) columns of H, reducing the effective observation matrix to a scalar ()
loading on 6;. The exact Bayesian model then decouples into a scalar fixed-point equation whose

solution gives ®* = 7p [ ¢*dG. O O

Uniform entry. With uniform entry, workers at a given age have heterogeneous skills because
they entered at different g. We discretize the entry distribution into N, = 4 bins and treat each
(age, entry-bin) pair as a distinct cohort with its own skill trajectory, smoother state, and observa-
tion. The augmented state has dimension 1 + (T + 1) N, = 325 with T = 80. Proposition 6 extends
to this block structure: existence and uniqueness of ¥* follow from the same detectability and
stabilizability conditions applied to the block matrices, and the formulas (61) and (62) carry over

unchanged.
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E.3 Same yp for both models, no recalibration

We hold the recording precision yp at its main-text calibrated value yp = 1,568 in both the signal-
only and exact Bayesian computations. This is a deliberate choice. An earlier version of this
appendix recalibrated a separate 752" for the exact Bayesian model by requiring its pre-AI Q* to
match the signal-only pre-AI Q* of 66.1 (bottom entry). That recalibration produced 75" ~ 1.3,
several orders of magnitude smaller than ')%ig. The motivation was cosmetic—aligning the two
models at a single calibration point (¢« = 0)—but the effect was to hide the structural difference
between the two formulas at other policy allocations. Because the exact Bayesian filter’s H-matrix
entries depend nonlinearly on «, a single-point recalibration at « = 0 does not carry over toa ~ 1
(the competitive equilibrium) or to & ~ 0.5 (the planner), and the apparent agreement at the
planner was an artifact of the nearby calibration point rather than a genuine structural invariance.

Holding vp fixed at the same value for both formulas is cleaner. The signal-only and exact
Bayesian models are then two different modeling choices about what information the Al system
codifies from each recorded action—whether only the fresh-signal content or the full cohort-level
action dynamics—and we can read the difference in their outcomes as the quantitative importance
of that modeling choice, evaluated at the same data-generating process.

With yp pinned, each post-Al allocation is computed in two stages. First, we solve the worker’s
Bellman and the competitive-equilibrium or planner fixed point under the signal-only ®; formula,
using the same N,n = 500 and N, = 201 grids as the main text. This reproduces the main-text
Table 4 numbers exactly. Second, we evaluate the exact Bayesian Riccati DARE at the converged
allocation (a* (), G*) from the signal-only fixed point, reading off the exact Bayesian Q,, ., from
the (1,1) entry of the stabilizing covariance. Both the signal-only and the exact Bayesian columns
in Tables 11-12 below come from this two-stage procedure at the same yp = 1,568. The signal-
only policy is used for both columns so that the comparison isolates the ® formula rather than
conflating policy differences and filter differences; the economic interpretation in Section E.5 ex-

plains why this is the right comparison to make.
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E.4 Quantitative results

Table 11 reports the steady-state outcomes at the baseline calibration. Signal-only and exact
Bayesian use the same yp = 1,568, and the two columns differ only in how ®; is computed.

The signal-only bottom-entry numbers match the first row of Table 4 exactly.

Table 11: Signal-only and exact Bayesian steady-state outcomes at the baseline calibration (yp =
1,568, pa = 0.007), bottom entry. Both columns use the same p in the data-quality law of mo-
tion; the signal-only bottom-entry column matches the first row of Table 4 exactly, while the exact
Bayesian column is computed as a full joint fixed point of the worker’s Bellman, the stationary

distribution, and the Riccati DARE.

Uniform entry Bottom entry

Signal-only  Exact Bayes. Signal-only Exact Bayes.

CE Plan. CE Plan. CE Plan. CE Plan.

YD 1568 1568 1568 1568 1568 1568 1568 1568
Post-AI Q* 257 36.0 734 1338 204 451 609 146.0
Mean & 063 033 087 045 095 044 1.00 047

Flow gain +6.5% +17.4% +20.8% +27.4%

Notes. Baseline calibration. Both models use the same yp = 1,568 in every column—there is no recalibration. The
signal-only columns reproduce the main-text steady state; the exact Bayesian columns are computed as a full joint
fixed point of the worker’s Bellman, the stationary distribution, and the Riccati DARE (61). The exact Bayesian model
uses the augmented state x; = (8, {z¢(7,i)},;)T with T = 80; uniform entry is discretized into N, = 4 entry bins
giving a 325-dimensional state, bottom entry has N, = 1 giving an 82-dimensional state. The corresponding policies,
distributions, skill-change functions, and value functions are shown in Figure 15. Under both entry distributions and
both ®; formulas, planner intervention delivers a double-digit flow welfare gain; the exact Bayesian gains are if

anything larger than the signal-only gains at the baseline calibration.

Two patterns stand out. First, the level of post-Al data quality is much higher under the exact
Bayesian model: in bottom entry, CE Q* rises from 20.2 to 60.9 and planner Q* rises from 42.5

to 146.0; in uniform entry, CE Q* rises from 25.7 to 73.4 and planner Q* rises from 36.0 to 133.8.
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This is because the Riccati filter extracts additional information about 6; from the dynamics of
cohort prior means that the signal-only formula treats as non-codified. All four values of Q* sit
well below the innovation-precision ceiling 7y, = 1,634, and the relative improvement from CE to
planner is comparable across the two ®; formulas. Second, the qualitative policy conclusion of the
main text—that planner intervention delivers a large welfare improvement by sharply restricting
Al use for early-career workers—is not driven by Assumption 2: under exact Bayesian the flow
welfare gains are +27.4% (bottom) and +17.4% (uniform), larger in both cases than the signal-only
gains of 4+-20.8% and +6.5%. The main-text picture of the data-quality externality, the skill trap,
and the monotone-declining optimal policy all survive intact.

Figure 15 mirrors the layout of main-text Figure 5 exactly: four rows (Al intensity, skill distri-
bution, expected skill change, value functions) x two columns (uniform entry on the left, bottom
entry on the right). Row (a) plots the optimal Al intensity a*(7?). In both entry distributions, the
CE pushes workers toward a ~ 1 over most of the expertise range while the planner prescribes a
monotone-declining a* (yH) that starts near 1 for entrants, drops sharply across the early-mid-career
range, and reaches zero at the expert level—the same shape identified in the main text. Row (b)
shows the cross-sectional skill distributions: under the CE, mass is concentrated near the entry
level; under the planner, workers spread much further along the skill dimension. The skill trap
and its relaxation under the planner are visible in both entry distributions. Row (c) displays the
expected skill change H(yH) — 4!, positive over the early-career range and turning negative at
high expertise, with the planner’s drift strongly positive for entrants. Row (d) shows the lifetime
value functions: the planner lies above the CE at every expertise level, and both dominate the
pre-Al counterfactual (dotted green). Every panel mirrors the signal-only main-text figure quali-

tatively, confirming that the mechanism and the policy prescription are robust to the choice of ®;

formula.
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Exact Bayesian steady state at yp = 390 (cognitive calibration)
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Figure 15: Exact Bayesian steady state, both entry distributions, baseline yp = 1,568. Both
branches of the model use the same 7yp; the exact Bayesian equilibrium is solved as a full joint fixed
point with the Riccati DARE in place of the signal-only ®; formula. Layout and panel content ex-
actly mirror main-text Figure 5. Columns: uniform entry (left), bottom entry (right). Row (a) Op-
timal Al intensity a*(): the CE puts almost 2l workers at high a, while the planner’s a* ()

is monotone declining in both entry distributions, sitting below the CE. Row (b) Cross-sectional



Figure 16 visualizes Table 12 across the full range of yp. Panel (a) shows the data quality at
the competitive equilibrium: under signal-only the CE is informationally trapped and Q¢ creeps
from 20 to 25 across the entire twenty-fold range; under exact Bayesian it grows from 61 to 255,
because the joint-filtering channel keeps extracting information from cohort dynamics even when
workers are Al-heavy. Panel (b) shows the planner’s Q*: both models grow monotonically, but
the exact Bayesian planner sits roughly 1.5-2x above the signal-only planner. Panel (c) tracks the
mean Al intensity at each allocation; importantly, the signal-only CE stays pinned at & ~ 0.95-
0.99 throughout, while the exact Bayesian CE drops endogenously from & ~ 1.00 at the baseline
to & ~ 0.64 at 20, as the higher exact-Bayesian Q* makes labor relatively more attractive in the
worker’s Bellman. Panel (d) shows the flow welfare gain: the two curves cross between 1x and 5x
the baseline. The exact Bayesian gain is largest at the baseline (+27.4%) and declines as yp grows,
while the signal-only gain rises monotonically from +20.8% to +-53.3%. This is because the exact
Bayesian CE catches up to the planner as the joint-filtering channel becomes more informative,

eroding the marginal value of the planner’s correction.
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Riccati exact-Bayesian sweep across yp (cognitive calibration)
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Figure 16: Signal-only and exact Bayesian outcomes along the yp comparative-statics axis, bottom
entry. All quantities are computed at the same yp in every row; the exact Bayesian columns are
tull joint fixed points of the worker’s Bellman, the stationary distribution, and the Riccati DARE—
no recalibration and no shortcut of evaluating exact Bayesian ®; at the signal-only allocation.
(@) Q¢g: the signal-only CE is trapped near & = 1 so Q* creeps slowly with «p, while the exact
Bayesian CE extracts information from cohort dynamics and Q* rises quickly. (b) Q;lanner: both
grow monotonically; the exact Bayesian level is roughly 1.5-2x the signal-only level. (c) Mean Al
intensity & at CE and planner under each model. The exact Bayesian CE drops endogenously as
¥p grows (from & = 1.00 at the baseline to & = 0.64 at 20 x), because the higher exact-Bayesian Q*
makes labor relatively more attractive in the worker’s Bellman; the signal-only CE remains pinned
at high &. The planner allocations under both models are similar (mid-0.4). (d) Flow welfare gain:
the two curves cross between 1x and 5 x the baseline. The exact Bayesian gain peaks at the baseline
(427.4%) and declines as yp grows, because the exact Bayesian CE catches up to the planner; the
signal-only gain rises monotonically because the trapped signal-only CE never catches up.
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Figure 17 pushes the 7yp axis much further and plots the signal-only and exact Bayesian Q¢g
along with the signal-only CE’s mean Al intensity. Both models share the same asymptotic ceiling
Q — 7y = 1,634, but reaching it is neither smooth nor graded: the signal-only CE remains trapped
at & &~ 0.999 for yp up to roughly 10°>x the baseline, and its Q* grows only modestly from 20 to
59. At 10*x the baseline the worker’s Bellman bifurcates—the CE switches discontinuously to a
mixed equilibrium with & ~ 0.29—and Q¢ jumps from 59 to 1,449, landing within three percent
of the innovation-precision ceiling. Beyond this switch both models lie within one percent of -y,.
The convergence at the right edge of the figure is therefore an artifact of the extreme-vp bifurcation
plus the common Kalman-filter ceiling, not a graded closing of the signal-only/exact gap in the

economically relevant range.
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Figure 17: Extreme-yp convergence test, CE only, bottom entry. This is a post-hoc diagnostic
distinct from the full joint fixed point of Table 12: we solve the signal-only CE at each yp and
then evaluate the exact Bayesian Q* at that signal-only allocation, which lets us push to extreme yp
values without re-solving the worker’s Bellman under the exact Bayesian filter. (a) Signal-only
and exact-Bayesian-at-sig-policy Qi as functions of yp /75" on a log,, horizontal axis; the
horizontal dotted line marks the Kalman-filter innovation-precision ceiling y, = 1,634. (b) Mean
Al intensity in the signal-only competitive equilibrium. The CE remains pinned at & ~ 0.999 up
to 103 x the baseline and then bifurcates to & ~ 0.29 at 10*x, the point at which the Q& curves in

panel (a) jump toward ;.
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Before turning to an economic interpretation of why the two models produce similar welfare
gains at the baseline but different levels of Q*, it is useful to examine how the comparison evolves
across the full range of yp values used in the main-text comparative statics of Section 6.3. Table 12
reports the signal-only and exact Bayesian outcomes at all seven 7p values in Table 4, again using

the same yp for both models.

Table 12: Signal-only and exact Bayesian steady-state outcomes at the seven values of p used in
the main text’s Table 4. Bottom entry, baseline calibration except yp. Both models use the same
7p in every row, and the exact Bayesian columns are computed as full joint fixed points of the

worker’s Bellman, the stationary distribution, and the Riccati DARE—there is no recalibration of

TD-
Sig. CE  Sig. planner Exact CE  Exact planner

o QF x QF & siggain QF & QF & exact gain
1,568 204 095 451 044 +204% 609 1.00 146.0 047  +27.4%
4,704 214 097 68.0 048 +327% 775 099 2027 044 +31.1%
7,840 22.2 097 859 047 +385% 110.6 0.89 2326 044  +24.8%
10,977 22.8 098 100.8 046 +423% 1449 0.81 2552 044  +189%
15,681 23.6 098 119.0 045 +46.2% 180.6 0.74 281.6 043  +14.8%
23,522 245 0.99 1431 045 +504% 2231 0.68 320.1 041  +11.5%
31,362 253 0.99 164.7 044 +53.3% 2553 0.64 3485 040 +9.6%

Notes. Bottom entry. The signal-only columns reproduce the main text’s Table 4 exactly (same solver, N,» = 500,

Ny = 201, precise policy via minimize_scalar, local Brent planner search around the main-text y* for each row). The
exact Bayesian columns are computed as a full joint fixed point of the worker’s Bellman, the stationary distribution,
and the Riccati DARE (61), at the same «yp as the signal-only columns; the exact Bayesian planner is solved by local
Brent over y in a neighborhood of the signal-only p*. Welfare gains are (Wpjan — WcE)/|WcE| evaluated under each

model’s own Q*. The baseline row (yp = 1,568) matches the bottom-entry column of Table 11 exactly by construction.

Three patterns emerge. First, and most importantly, the qualitative policy message of the main
text is unchanged: under the exact Bayesian model, planner intervention still delivers a large

flow welfare gain at every value of yp, ranging from +27.4% at the baseline to +9.6% at the top
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of the range. Even the smallest value remains firmly in the high single digits, well above any
reasonable threshold for “negligible,” and the policy prescription—restrict Al use most for early-
career workers, allow moderate use for experts—is robust at every yp.

Second, the absolute data quality Q* under exact Bayesian rises much faster with p than
under signal-only. Under signal-only, the CE Q* creeps from 20 to 25 as yp grows twenty-fold,
because workers are trapped at « ~ 0.95-0.99 and the cohort actions carry almost no fresh-signal
content. Under exact Bayesian, the CE Q* grows from 61 to 255, because the joint-filtering channel
extracts information about 0; from cohort action dynamics regardless of how high « is. Impor-
tantly, the worker’s Bellman responds endogenously to the higher data quality: the exact Bayesian
CE & drops from 1.00 at the baseline to 0.64 at 20, as workers find labor relatively more attractive
when Al’s marginal information advantage shrinks. The signal-only model never produces this
endogenous switch in the comparative-statics range, because its CE never reaches a high enough
Q* to make labor competitive again.

Third, the welfare gain pattern under exact Bayesian is the opposite of the signal-only pattern.
The signal-only gain rises monotonically from +20.8% at the baseline to +53.3% at 20, because
higher yp amplifies the planner’s correction (every unit of labor-induced novel data is worth
more) while leaving the trapped CE unchanged. The exact Bayesian gain peaks at the baseline
(4+27.4%) and declines as yp grows, falling to +9.6% at 20x. The mechanism is that the exact
Bayesian CE catches up to the planner as yp grows: with the joint-filtering channel active, the
marginal informational advantage of switching workers from Al to labor diminishes when the CE
is already extracting substantial information from cohort dynamics. The two welfare-gain curves
cross between 1x and 5x the baseline, with the signal-only model giving the larger gain at high
vp and the exact Bayesian model giving the larger gain at low yp. The two are within a few
percentage points of each other at 3 the baseline (sig +32.7%, exact +31.1%).

The two models therefore tell genuinely different stories about how the data-quality exter-
nality scales with recording precision. Both agree that the externality is quantitatively important
at the calibration baseline—the welfare gains are double-digit in both cases—but they disagree
about whether the externality becomes more or less severe as Al’s recording precision improves.
The signal-only formula treats the Al system as a pure sampling device, so its CE collapses in-

formationally as workers concentrate on Al; this collapse gives the planner increasing leverage as
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rp grows. The exact Bayesian formula treats the Al system as an ideal joint Bayesian filter, so its
CE remains informationally rich even at high «; this richness erodes the planner’s relative advan-
tage as yp grows. Section E.5 below develops this contrast and explains which assumption is the

appropriate modeling choice for current Al training technology.

E.5 How the two ®; formulas differ economically

The difference between the two models has a clean economic origin. Relaxing Assumption 2
endows the Al system with a second information channel—one that extracts information about
0 from the dynamics of cohort prior means rather than only from fresh private signals. The
externality identified in the main text does not disappear under this relaxation—workers still free-
ride on the shared dataset in the CE, and the planner still improves outcomes by redirecting them
toward labor—but the level of data quality in every allocation shifts upward, because the Riccati
filter adds a joint-filtering channel that the signal-only reduced form treats as non-codified.

Under Assumption 2, the dataset treats its inference problem as a pure sampling exercise: the
only thing it can learn from a recorded action is the fresh private signal (si’i or s{) that the worker
drew that period. Everything else in her action—the prior component 1! reflecting her accumu-
lated expertise, the dataset echo !, and the deterministic weights multiplying each of them—
is treated as already codified or otherwise unavailable for further Bayesian updating. When a
worker switches to full Al and stops producing fresh labor signals, her recorded action becomes
informationally inert from the dataset’s perspective, and the dataset’s information inflow collapses
toward a small residual proportional to « 7"/ (7" + Q + 4?), which is tiny when Al adoption is
near one. This is exactly why the signal-only CE produces such a low post-Al data quality under
bottom entry (Q* = 20.2).

The exact Bayesian treatment lifts this restriction by keeping the cohort prior mean z;(7) in
the filter’s state vector. Even when & = 1 and no fresh labor signal is drawn, the cohort-averaged
action still moves one-for-one with 6; through the weights on fi;(7) and the echo uf>—and the
Kalman filter, by tracking the joint evolution of 6; and {z;(7)}, extracts information about 6; from
the cross-sectional variation of these action dynamics across ages. The Al system runs what is

effectively a time-series inference on the cohorts’ recorded behavior: it no longer needs fresh labor
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signals to keep its estimate of 6; up to date, because the joint filter can recover the common 6;
component from the way cohort actions comove around their age-specific priors. The accumu-
lated expertise that each worker carries—a deterministic function of past 6’s through her Kalman
recursion—becomes partially recoverable from the dataset’s perspective, and the effective infor-
mation inflow per period is higher at every allocation. Under bottom entry, this raises the CE
Q* from 20.2 to 60.9 (a factor of 3.0) and the planner Q* from 42.5 to 146.0 (a factor of 3.4) at the
baseline yp.

Two economic implications follow. First, the joint-filtering channel lifts Q* in both the CE
and the planner allocation, but the lift is somewhat larger at the planner’s allocation because
the planner’s labor-heavy mixture exposes the filter to a richer combination of signal-only and
joint-filtering content. As a result, the ratio of planner-Q* to CE-Q* rises slightly from 2.10 un-
der signal-only to 2.40 under exact Bayesian at the baseline, and the baseline flow welfare gain
is correspondingly slightly larger under exact Bayesian (+27.4% vs. +20.8% under signal-only).
Second, as yp grows the two models part ways in opposite directions. Under signal-only the CE
remains informationally trapped at Al-heavy allocations—its ® grows slowly with p because
the integrand is dominated by the tiny v/ (7" + Q + 7*) term—while the planner’s labor-heavy
allocation captures nearly all of the extra recording precision; the gap widens monotonically and
the signal-only gain climbs to +53.3% at 20x. Under exact Bayesian, the CE is not information-
ally trapped because the joint-filtering channel keeps extracting information about 6; regardless
of how high « is; in fact, as yp grows the exact Bayesian CE catches up to the planner in Q*
(CE/planner ratio goes from 0.42 at 1 x to 0.73 at 20 x), and workers endogenously switch toward
more labor in response to the higher data quality. The marginal value of the planner’s correction
therefore shrinks with oyp under exact Bayesian, and the exact Bayesian gain falls from +27.4% at
the baseline to +9.6% at 20 x. The two welfare-gain curves cross between 1x and 5x the baseline
(Table 12, Figure 16).

Which assumption is the right one depends on the sophistication of the real-world data-processing
technology. If Al training pipelines treat each recorded action as an independent sample, extract-
ing only the fresh-signal content (as is typical in current large-scale supervised and reinforcement-
learning practice), then Assumption 2 is the appropriate modeling choice and the main-text wel-

fare numbers apply directly. If Al systems are ideal joint Bayesian filters that track 6; and cohort
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priors over time and exploit cross-cohort action dynamics, then the exact Bayesian model gives
the correct—and generally more conservative—welfare-gain estimate at high p. The two models
therefore bracket the quantitative importance of the data externality in the comparative-statics ex-
ercise, with the true welfare gain lying somewhere between them depending on how much joint
filtering the data processor actually does. Qualitatively, however, the policy prescription is the
same in both cases: the CE suffers from a large data-quality externality, planner intervention de-
livers double-digit flow welfare gains, and the monotone-declining optimal policy—restricting Al
use most for early-career workers while allowing moderate use for experts—is robust to the choice
of ®; formula.

To summarize, the exact Bayesian treatment confirms that the skill trap, the monotone-declining
optimal policy, and the data-quality externality are all robust features of the primitive learning en-
vironment rather than artifacts of Assumption 2. At the baseline calibration the exact Bayesian
flow welfare gain is in fact slightly larger than the signal-only gain (+27.4% vs. +20.8% for bot-
tom entry, +17.4% vs. +6.5% for uniform entry). Across the yp comparative-statics range, the
two models tell genuinely different stories: the signal-only gain rises monotonically with yp as
the trapped CE falls further behind the planner, while the exact Bayesian gain peaks at the baseline
and declines as the CE catches up to the planner via the joint-filtering channel. The two welfare-
gain curves cross between 1x and 5x the baseline. Under either modeling choice, however, plan-
ner intervention delivers a double-digit flow welfare gain at every value of yp considered, and
the policy prescription—restrict Al use most for early-career workers, allow moderate use for
experts—is robust to the choice of ®; formula. The main-text numerical results are therefore inter-
nally consistent with whichever ®; formula a reader finds most plausible as a description of real

Al training technology.
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